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SECTION A

1. Consider the conservation law

up +uu, =0 for (z,t) € R x (0,7,
w(z,0) = forxeR.

(1)

(a) Find the largest value of T' € R for which this conservation law has a classical
solution v : R x [0,7) — R.

(b) Give a sketch of the characteristics of (1) up until time 7.

(c) State what it means for u to be a weak solution of (1).

2. Let c,up € C'(R), ug be bounded, and uj(x) — 0 as x — +oo. Define
I={seR:c(uys))s <0}.

Assume that [ is nonempty. Let s. € I satisfy

- = min -t "
(ug(se)ub(se)  sel (ug(s)ub(s) ¢

Let §: R x [0,t.) — R be the unique function satisfying = = 5(x,t) + c(uo(5(z, t)))t.
(a) State the solution of the conservation law

us + c(u)u, =0 for (z,t) € R x (0, t.),
u(z,0) = ug(x) for xz € R.

(You do not need to derive the solution.)

(b) Define z(t) = s¢ + c(uo(sc))t. Prove that

lim |uy(xc(t), )| = oc.

t—tc
(c) Show that u satisfies the implicit equation

uw(z,t) = uo(zr — c(u(x, t))t).
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3. Consider Poisson’s equation in one dimension with Neumann boundary conditions:

—u"(z) = f(x), x € (a,b), (2)
u'(a) =0, u'(b) =0, (3)

where f € C([a,b]).

(a) Show that a necessary condition for (2), (3) to have a solution is

/a ) de =0 (@)

(b) Assume that f satisfies (4). Find the unique solution of (2), (3) satisfying
u(a) = 0. Write your solution in the form

b
u(x) = / Gl y) (y) dy.

4. Consider the elliptic boundary value problem

— (| |P72u) +yu =0, x€(0,2n), (5)
u(0) = u(27) =0, (6)

where p > 2 and v € R are constants.

(a) Let v > 0. Show that (5), (6) has a unique solution.

(b) Now consider the case p = 2, v < 0. Find a sequence {v,}2,, with v, < 0 and
Yn 7 Ym for m # m, such that, for each n € N, the following boundary value
problem has infinitely many solutions:

—u" +yu=0, xe€(0,2r),
u(0) = u(27) = 0.

5. Let © C R? be open and bounded with smooth boundary. Define E : C*(Q) — R

by
Bl = [ VI+ Vo da.
Let g : 92 — R be a given smooth fuzction and let
V={peC(Q): ¢=gondN}.
Suppose that u € C2(Q) NV minimises E over V:

Elu] = min E|v].

veV

Show that u satisfies the minimal surface equation

div(—Y" Y _o wmo
V14 |Vul?
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6. Let ¢ € R, k > 0 be constants.
(a) Recall that the inverse Fourier transform of a function h € L'(R) is defined by

h(z) = N /OO h(&)e™ d¢.
For t > 0, define f € L*(R) by

F€) = exp (— (k€ + ict)t)
Prove that

fla) = ﬁ exp (—%m(x - ct)z) .

You may use the following, which you do not need to prove: For a > 0,

/e‘az2 dz = / e W dy = \/?
r —o0 a

for all complex curves I' of the form I' = {x + ib: 2 € (—00,00)}, b € R.

(b) Consider the transport-diffusion equation
up + cuy = kug, for (x,t) € R x (0, 00)

with initial condition u(z,0) = g(x) for z € R, where g € L'(R) N C(R). Use
the Fourier transform and part (a) to derive the following solution:

(w—ct—y)

u(z,t) = \/ﬁ/:exp( 4—kt2) 9(y) dy.

You may use the following properties of the Fourier transform, which you do
not need to prove:

—

Fixfa=2afifa,  [O(E) = (i) f(£).
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SECTION B

(i) Consider the Cauchy problem

2y (2, y) + yuy(z,y) = 2u(z,y) for x>0, y € R,

u(z,y) = f(z,y) fora? +y*=1, x> 0.

(7)
(8)

(a) Use the method of characteristics to derive the solution u in terms of f.

(b)

(i) (a)

Now consider the Cauchy problem

wue(2,y) + yuy(r,y) = 2u(z,y) forz >0,y €R,

u(z,0) = 2* for x > 0.

(9)
(10)

Use part (a) to show that the Cauchy problem (9), (10) has infinitely
many solutions. Explain why this does not contradict the local existence

and uniqueness theorem for first-order quasilinear PDEs.

Let u : R x [0,00) — [0,00) be a smooth function satisfying the scalar

conservation law

u + f(u), =0 for (z,t) € R x (0,00),

where f(u) = fu®. Define v = u?. Show that v satisfies the scalar conser-

vation law

v+ g(v), =0 for (z,t) € R x (0,00),
where g(v) = 202,
Let

W

()

() = w if z <0,
Y\ =9, if >0,

where w; and u, are constants with u; > wu,. The weak solution of the

conservation law

us + f(u), =0 for (z,t) € R x (0,00),
u(z,0) = ug(x) forx eR

is
: 1
w(, 1) = w i v < 5(w +up)t,
up if > S(w + u)t.

Let vo = u. Find the weak solution of the conservation law

v+ g(v), =0 for (z,t) € R x (0, 00),
v(z,0) = vo(z) for z € R.

Does v = u??
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8. Consider the scalar conservation law

u+ f(u), =0 for (z,t) € R x (0,00),

u(z,0) = ug(x)

uo(x) = { g

= Ly* and

where f(u) = ;

(11)

for z € R,

if z <0,
if x > 0.

(a) Write down the equations of the characteristics (you do not need to derive
them from first principles). Sketch the characteristics.

(b) Verify that the following is a weak solution of (11):

u(z,t) =

(

\

- 1,3
0 ifx<gut,

Uy, if %ufnt <z <ult,
1
o\ L
(;) Tf udt < x < 8t,
2 if x > 8t,

where u,, is any constant satisfying 0 < u,, < 2.

(¢) Does the solution in part (b) satisfy the Lax entropy condition? Justify your

answer.

(d) Find a class of weak solutions of (11) with two rarefaction waves and one shock.

CONTINUED
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9. Let Q C R? be open and bounded. Let u € C%(Q) N C(Q) satisfy
—Au+b-Vu=f in(,
where b : Q — R?, f: Q — R are continuous.

(a) Assume that f < 0. Prove the following weak maximum principle:

maxu = maxu.
Q a0

Hint: You cannot prove this using a mean-value formula. Imitate the proof of
the weak maximum principle for the heat equation.

(b) Now assume b =0 and f < 0. Use part (a) to prove that

max u = maxu.
Q a9

Hint: Consider functions of the form u.(x) = u(x) — ¢(R?* — |z|?) for ¢ > 0

and R > 0 such that Q C Bg(0).
(c) Now assume b = 0 and f > 0. Give an example of Q C R? v € C*(Q)NC(Q),

and f € C(Q2) such that

max u # maxu.
Q B9)
(d) For i € {1,2}, let u; € C%(2) N C(Q) satisfy
u; = ¢g; on 0f),

where b: Q = R?, f;: Q = R, g; : 9Q — R are continuous.
Show that if fo > f; and g5 > g1, then us > u;.
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10. Let k& > 0 be a constant and let u : [a,b] x [0,00) — R be a smooth function
satisfying the heat equation

ug(z,t) — kug,(x,t) = f(x) for (z,t) € (a,b) x (0,00),
uw(z,0) = ug(x) for z € (a,b),
Ug(a,t) =ug(b,t) =0 fort e [0,00),

where 4 and f are smooth functions and fab f(z)dz =0. Let v : [a,b] — R be the
unique solution of

—kvge () = f(z) for x € (a,b),
ve(a) = v, (b) =0,

/abv(:c) dx = /ab uo(z) dx.
Define w(z,t) = u(z,t) — v(x).

(a) Prove the following version of the Gronwall inequality: If £ : [0,00) — R
satisfies ' < —\E for some constant A\ € R, then E(t) < e ME(0).

(b) Prove that w satisfies

d b b
7 w(x,t) dr = —2k:/ w?(z,t) dx.

b b
/u(@t)d;ﬂ:/ uo(x)dr Vit>0.

(d) Prove that w — 0 in L?([a,b]) as t — co.

(¢) Prove that

(e) Similarly, it can be shown that w, — 0 in L*([a, b]) as t — oo (you do not need
to show this). Prove that w — 0 in L>([a, b]) as t — oo.
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(i) Recall that the Fourier transform of a function ¢ € L'(R) is defined by

~ 1 OO —1iT
40 = o= [ el

(i)

The Fourier transform of a distribution v € D’(R) is the distribution @ € D'(R)

defined by

(@, 0) == (u, p).
Compute 9.
Let u € D'(R), ¢ € C°(R). Prove that

(uw>/ — u/w +u¢/

in the sense of distributions.
Let n € N. Define u € D'(R) by

where H is the Heaviside function

0 ifz <0,
H@)_{ 1 ifz>0.

Prove that «(™*Y) = § in the sense of distributions.
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