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SECTION A

1. (a) Carefully draw the standard fundamental domain F inside the upper half plane
H for SL2(Z). Specify the identifications at the boundary of F and how they
arise.

(b) Find an element γ ∈ SL2(Z) which maps τ0 = (2i + 16)/5 to F . What is the
point in F equivalent to τ0?

2. (a) Carefully state the valence formula.

(b) Recall that the modular j-function is given by j(τ) = E3
4(τ)/∆(τ). Here E4 is

the normalized Eisenstein series of weight 4 and ∆ is the discriminant function.

Consider j(τ) − c with c ∈ C to show that the j-function defines a bijection
from SL2(Z)\H to the complex numbers.

3. (a) Carefully define the Riemann zeta function ζ(s) and also its completion Z(s).
State the fundamental analytic properties of Z(s).

(b) Compute ζ(−1). [You may appeal to the ζ-values at the even positive integers,
the functional equation Γ(s+1) = sΓ(s) of the Γ-function and its special values
such as Γ(1/2) =

√
π.]

4. (a) State the definition of an elliptic function.

(b) Let {ω1, ω2} be a basis of a lattice Ω ⊂ C. Suppose that f(z) is an even elliptic
function with the period lattice Ω and with only one pole at z = 0 (mod Ω)
whose order is two. Show that f ′(z) is an odd elliptic function which only
vanishes at z = ω1

2
, z = ω2

2
and z = ω1+ω2

2
(mod Ω).

5. (a) State the definition of the order of an elliptic function f(z) with the period
lattice Ω.

(b) Suppose that f(z) is an elliptic function of order N > 0. For any polynomial
P (T ) in T of degree d > 0, show that P (f(z)) is an elliptic function and find
its order.

(c) Suppose that f(z) is an elliptic function of order N > 0. Show that f ′′(z) is
an elliptic function of order M with N + 2 ≤M ≤ 3N .

6. Let {ω1, ω2} be a basis of a lattice Ω ⊂ C with Im(ω2

ω1
) > 0. Let ζ(z) be the

Weierstrass ζ-function associated to Ω.

(a) Prove the pseudoperiodicity formula for ζ(z):

ζ(z + ωj) = ζ(z) + ηj (j = 1, 2),

where ηj = 2ζ(
ωj

2
).

(b) Prove Legendre’s relation:

η1ω2 − η2ω1 = 2πi.
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SECTION B

7. Recall that the Eisenstein series E2(τ) = 1− 24
∑∞

n=1 σ1(n)qn satisfies the transfor-
mation property E2(−1/τ) = τ 2E2(τ) + 6τ

πi
. Here as always τ ∈ H and q = e2πiτ .

(a) Consider the differential operator D = 1
2πi

d
dτ

= q d
dq

. Let f ∈ Mk(SL2(Z)), the

space of modular forms of weight k for SL2(Z). Show that

(Df)(γτ) = (cτ + d)k+2(Df)(τ) +
1

2πi
kc(cτ + d)k+1f(τ)

for γ = ( a bc d ) ∈ SL2(Z). [Hint: Consider ∂
∂τ

(f(γτ)).]

(b) Let f ∈Mk(SL2(Z)). Show that

Df − k
12
E2f ∈Mk+2(SL2(Z)).

Moreover, if f is a cusp form, then so is Df − k
12
E2f .

(c) Apply (b) to the discriminant function ∆(τ) =
∑∞

n=1 τ(n)qn to show for all n
that

(1− n)τ(n) = 24
n−1∑
k=1

σ1(k)τ(n− k).

Carefully state what results on the spaces of modular forms you are using.

8. (a) Let f(τ) =
∑∞

n=0 anq
n ∈ Mk(Γ0(4)) be a modular form of even weight k and

level 4. We define the operator U2 by

U2(f)(τ) :=
1

2
[f (τ/2) + f ((τ + 1)/2)] .

Show that U2(f)(τ) ∈Mk(Γ0(4)). Also show that

U2(f)(τ) =
∞∑
n=0

a2nq
n.

[You may assume that Γ0(4) is generated by ( 1 1
0 1 ), ( 1 0

4 1 ), and ±I. At some

point τ
8τ+2

= τ/2
8(τ/2)+1

and 5τ+1
8τ+2

= 5(τ+1)/2−2
8(τ+1)/2−3 might be helpful.]

(b) Specify to k = 2. You may assume that the theta series θ4(τ) =
∑∞

n=0 r4(n)qn

and F (τ) =
∑

m>0
m odd

σ1(m)qm form a basis of M2(Γ0(4)).

Compute U2(θ
4) and U2(F ) and conclude that F and θ4 + 16F form an eigen-

basis for U2 on M2(Γ0(4)). What are the eigenvalues? Note that they are
different.

(c) You may assume that the Hecke operator Tp on M2(Γ0(4)) for an odd prime p
is given by Tp(f)(τ) =

∑∞
n=0(apn + pan/p)q

n. Note that U2 commutes with all
those Tp.

Use (b) to show that F and θ4 + 16F are also eigenfunctions for all those Tp.
Compute the eigenvalues (separately) and note that they are the same!

(d) Conclude that θ4 is also an eigenform for all Tp for p odd and obtain r4(p) =
8(p+ 1) for all odd primes p.
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9. Let Ω ⊂ C be a lattice with a basis {ω1, ω2}. Let σ(z) be the Weierstrass σ-function
associated to Ω.

(a) Use the pseudoperiodicity formula for ζ(z) (see Question 6(a)) to deduce the
pseudoperiodicity formula for σ(z):

σ(z + ωj) = − exp
(
ηj

(
z +

ωj
2

))
σ(z) (j = 1, 2).

(b) Fix a number u ∈ C such that 2u /∈ Ω. Let

f(z) =
σ(z − u)σ(z + u)

(σ(z)σ(u))2
.

Prove that f(z) is an elliptic function whose period lattice agrees with Ω, with
simple zeros at z = ±u (mod Ω) and a pole of order two at z = 0 (mod Ω).

(c) Let f(z) be as in (b). Show that there exists a constant A such that

f(z) = A (℘(z)− ℘(u)) ,

where ℘(z) is the Weierstrass ℘-function associated to Ω.

(d) Find the value of A in (c).

10. Let Ω ⊂ C be a lattice. Let ζ(z) be the Weierstrass ζ-function associated to Ω. Fix
a number u ∈ C such that 2u /∈ Ω.

(a) Use the pseudoperiodicity formula for ζ(z) (see Question 6(a)) to show that
the function

ζ(z + u) + ζ(z − u)− 2ζ(z)

is an odd elliptic function with period lattice Ω and simple poles at z = 0,±u.

(b) By comparing the residue at each pole or other methods, show that the function

f(z) := ζ(z + u) + ζ(z − u)− 2ζ(z)− ℘′(z)

℘(z)− ℘(u)

is a constant function. Here ℘(z) is the Weierstrass ℘-function associated to
Ω.

(c) By considering the zeros of ζ(z + u) + ζ(z − u) − 2ζ(z) or by other methods,
show that the function f(z) in (b) is identically zero, or equivalently,

ζ(z + u) + ζ(z − u)− 2ζ(z) =
℘′(z)

℘(z)− ℘(u)
.

You may use the statement of Question 4(b) as a hint for finding zeros.

(d) Prove the following formula:

ζ(z + u) = ζ(z) + ζ(u) +
1

2

ζ ′′(z)− ζ ′′(u)

ζ ′(z)− ζ ′(u)
.
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