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SECTION A

1. (a) Define what it means that a set M is a manifold of dimension n.
(b) State the Implicit Function Theorem.

(c) Let M = {(z1,22,73) € R® | 22 + 323 + 22 = 1} be an ellipsoid. Prove that M
is a 2-dimensional manifold.

2. (a) Let M be a manifold. Define the notion of a vector field X on M.

(b) Let X and Y be two vector fields on a manifold M. Define the Lie bracket
[X,Y] and prove that [fX,Y] = —(Y )X + f[X,Y] for any smooth function
fon M.

3. (a) Define the Levi-Civita connection on a Riemannian manifold (M, g).

(b) Define what it means that a curve ¢ : [a,b] — M is a geodesic in (M, g) and
prove that a geodesic has constant speed |c/(¢)|, t € [a, b].

4. (a) Let (M, g) be a Riemannian manifold and let M D U 35 p — x € R" be
local coordinates. Define the Christoffel symbols of (M, ¢) in terms of the local
coordinates z.

(b) Let p=(0,0,1). Compute
0

0
dx aZL’Q

\%

()

on the manifold
M = {(z1, T, 73) € R®|2? + 323 + x§ =1}

with induced metric ¢ =<, >gs and local coordinates
M N {1'3 > O} — ]Rz, (ZL’l,iCQ,fL'g) — (1‘1,1'2).

5. (a) Let (M, g) be a Riemannian manifold. Define the distance function
d: M xM—R.
(b) Prove that for all p,q € M we have d(p,q) > 0,d(p,p) = 0.
6. (a) Let M := 5% = {z € R3|2? + 2%+ 23 = 1} be the round sphere and g :=<, >ps

be the metric induced by the Euclidean metric of R®. Prove that any two
points of M are connected by a geodesic.

(b) State the Theorem of Hopf-Rinow.
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SECTION B

(a) Define the Riemannian curvature tensor R(X,Y)Z of a Riemannian manifold
(M, g). Here, X,Y, Z are three vector fields.

(b) Let f be a smooth function on M and R(X,Y)Z be as above. Prove that
R(X,Y)fZ = fR(X,Y)Z.

(c¢) Define the Ricci curvature Ric(X,Y) of (M, g) and prove that
Ric(fX,Y) = fRic(X,Y) for f asin (b).

(d) State the Theorem of Bonnet - Myers.

(a) Consider M = {z € R"| |z| < 1} with metric g;; = W@j, where

1 ifi=j
dij = )
0 otherwise.

. Compute the Christoffel symbols of (M, g)).

(b) Show that the curve ¢(t) = #(1,0,...,0),¢t € [0,1) in M may be reparametrized
to be a geodesic. You may use that the differential equation u'(s) = I_UTZ(S),

u(0) = 0 has solution u(s) = &7

(¢) Determine the length of the curve c.

(a) Let M be a Riemannian manifold, p € M and o be a two-dimensional subspace
of T, M. Define the sectional curvature K (o).

(b) Define what it means for two points p,q € M to be conjugate points.

(c) State the Theorem of Cartan-Hadamard.

(d) Let M = {x € R*|z; > 0} and g1; = 1,912 = go1 = 0, goy = (1 + x;). Prove or

disprove that (M, ¢g) has non-positive sectional curvature.

(a) Consider two Riemannian manifolds (M, ¢1), (Ma, g2). Prove that
(My x My, h) is a Riemannian manifold, where T'(M; x Ms) = TM; & T'M,
and h((X1, X2), (Y1,Y2)) := g1(X1, Y1) + g2( Xz, Ya).

(b) Show that on (M; x My, h) we have

h(R((X1, X2), (Y1, Y2))(Z1, Z2), (W1, Wa)) =
g1 (R (X1, Y1) Z1, Wh) 4 g2(R2 (X2, Y2) Zy, Wh),

where Ry, Ry are the curvature tensors of (M, g1), (Ma, g2), respectively.

(c) Prove that the Ricci curvature of (M; x Moy, h) satisfies
Ric((X1, X2), (Y1,Y2)) = Rici(X1, Y1) + Rica(X2,Y2).

Here, Ricy, Ricy are the Ricci curvatures of (M, g1), (Ma, g2), respectively.
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