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SECTION A

1. A butterfly spread is formed from three types of European call option with the same
expiry date 7', and different strike prices K; < Ky < K3, by buying one call option
with strike price K7 and one call option with strike price K3 and selling two call
options with strike price Ky = 3(K; + K3)

(a) Draw the graph of the payoff at the expiry time of a butterfly spread built from

these call options.

(b) Suppose that the market prices of European call options with expiry time 6
months are as follows:

Strike price ‘ Current price of option

30 20
60 14
70 12

What is the maximum payoff a butterfly spread created from these options can
return?

(c) Assuming an interest rate of 5% compounded continuously, for what value(s) of
the share price in 6 months’ time does the butterfly spread in part (b) make a
profit?

2. Consider a financial market M = (B, S;) on two assets. Suppose the current share
price of the risky asset is Sy = 100 and evolves according to the binomial model
with w = 1.2, d = 0.8, p, = pg = 1/2 and suppose that the current price of the
risk-free asset is By = 1 and the interest rate is r = 0.1.

(a) Calculate the risk-neutral measure for this market.

(b) Calculate the no-arbitrage prices at times ¢ = 0, 1,2 of a lookback put option
on this market with payoff Si.x — St at time T = 3.

3. (a) By considering appropriate portfolios prove that the no-arbitrage price P of
a European put option with strike price K and expiry date T satisfies the
inequalities

(Ke7™ =St < P<Ke ',

where S is the current price of the underlying stock and r is the interest rate,
compounded continuously.

(b) State and prove the corresponding inequalities for the price C' of a European
call option with the same strike price and expiry date.
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4. A stock price follows a geometric Brownian motion with drift g = 0.05 and volatility
o = 0.3 and its current price is 95. The risk free interest rate is r = 0.04.

(a) Find the no-arbitrage price at time 0 of a European call option on this stock
with strike price K = 100 and expiry date T" = 0.25.

(b) What is the probability that the call option is worth nothing at the expiry date?
[The standard normal cdf is tabulated at the bottom of the page.]

5. (i) State the definition of a Brownian motion.

(ii) Let (W;)i>0 be a Brownian motion. Find the probability density function of
the It6 integral I = [ cost dW,.

(iii) Calculate ]E[f02 W2dW,] and Var[f02 W2dW,].

6. Suppose that X is a Normal random variable with mean j and variance o? under

the probability measure P, and let Q be an equivalent measure under which X /o is
a standard Normal random variable.

d
(a) Find an expression for the Radon—Nikodym derivative d% as a function of X.

d
(b) Calculate the expectation of § under the measure P.

Standard normal cumulative probabilities

z 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
N(z) | 0.540 0.579 0.618 0.655 0.691 0.726 0.758 0.788 0.816 0.841

z 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
N(z) | 0.864 0.885 0.903 0.919 0.933 0.945 0.955 0.964 0.971 0.977

z 2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9 3.0
N(z) | 0.982 0.98 0.989 0.992 0.994 0.995 0.997 0.997 0.998 0.999

Linear interpolation is accurate to 3 decimal places.
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SECTION B

7. Consider a 2-period financial market with possible share prices S;,t = 0,1,2, of a
risky asset given by the tree:

time 0 1

Suppose the interest rate per time step is r = 0.1.

(a) Calculate as a function of K the no-arbitrage price at time 0 of a European put
option on this asset with strike price K and expiry time T' = 2.

(b) Suppose 75 < K < 200. Calculate as a function of K the no-arbitrage price at
time 0 of an American put option on this asset with strike price K and expiry
time T' = 2.

(c) Are there values of the strike price K > 0 for which the European and American
put options have the same non-zero price?

8. (a) State the definitions of an up-and-in call option and an up-and-out call option
on an underlying asset with strike price K, barrier L and expiry date T

(b) Suppose the current share price of the asset is Sy = 80 and evolves according to
the binomial model with u = 2, d = 1/2, p, = ps = 1/2 and that the interest
rate is 7 = 1/4. Find the no-arbitrage prices at time 0 of both an up-and-in call
option and an up-and-out call option on this asset with the same strike price
K = 30, barrier L = 200 and expiry date T" = 3.

(¢) A new “chooser option” is offered on the market based on the above barrier
options. The chooser option is sold at time 0 and at time 1 the holder must
decide whether the option will be an up-and-in call option, or an up-and-out
call option. What is the price at time 0 of this chooser option?

(d) Explain why the price in part (c) is at most the price of a standard call option
with the same strike price K and expiry date 1" = 3.
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9. (a) State Itd’s Lemma for a smooth function f(¢, X}) of time ¢ and an It6 process
(Xt)eo0-

(b) Suppose the process (X;):>o satisfies a linear stochastic differential equation
dX; = (a+0Xy) dt + cdW;, Xo =0,
where a, b and ¢ are constants and (W});>0 is Brownian motion. Use Itd’s Lemma

to find a non-zero function ¢(t) for which d(g(t)X;) does not depend on X;.
(c¢) Calculate EX; and VarX;.

10. Consider the continuous-time Black—Scholes model, with price dynamics given by

dBt = TBtdt,
dSt = ,U/Stdt + O'Stth,

where r > 0 is the risk-free interest rate, u and o are constant parameters and
(Wi)e>0 is a Brownian motion under the real-world measure P.

(a) Suppose W, = W, + 6t for some constant 6. Show that there exists a measure
Q equivalent to P under which W; is a Brownian motion, and write down the
corresponding Radon—Nikodym derivative.

(b) State the value of 6 that defines the risk-neutral measure, and write down the
price dynamics of S; under the risk-neutral measure.

(c) Using the risk-neutral valuation formula find an expression for the price at time
t < T of the contingent claim with payoff ®(S7) = (Sr)®, for constant a.

(d) Using your answer to part (c¢) or otherwise, solve the partial differential equation

OF OF JOPF

with terminal condition F(1,z) =%, for 0 <t <1 and z > 0.
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SECTION C

11. (a) Suppose X is a random variable with unknown mean and variance. Give expres-

EDO01/2017

sions for the usual unbiased estimators for EX and VarX based on a sample of
size M, and for an approximate 100(1 — 2a)% confidence interval for EX using
these estimators and the critical value z, > 0 defined by P[Z > z,] = a, where

Z ~N(0,1).
What is the approximate probability that the confidence interval contains EX?
What assumptions make this approximation valid?

Describe carefully a Monte Carlo algorithm for producing an approximate 95%
confidence interval for the fair price at time 0 of a European call option with
strike price K and expiry time 7" on an underlying risky asset with volatility o,
current share price Sy and interest rate 7.

For the parameters Sy = 10, ¢ = 0.2, r = 0.01, K = 9, T = 1, use your
algorithm to calculate an approximate 95% confidence interval based on the
following sample of size 5 from a standard Normal distribution:

1.088, 0.744, —1.724, —0.651, 2.253

[You may find some of the following values of the standard normal cdf useful.|

z | 1.28 1.645 1.96
N(z) | 09 095 0975

What change to the confidence interval would you expect if you used a sample
of size 507

University of Durham Copyright

END



