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SECTION A

Use a separate answer book for this Section.

1. (a) Find the inverse of the matrix

L
DO =

1
3
3

(b) Compute the determinant of the matrix

1 5 -3 7
1 29 —11 23
-1 17 =19 31
0 2 1 -1
0 3 1 1
0o 0 -2 1

O OO =N
O O o N O

2. (a) Give the equation of the plane II which contains the vectors

1 1 2
o,-1],1]1
3 0 0
in the form ax + by + cz = d.
0
(b) Find the shortest distance between the origin | 0 | and the plane II.
0

3. For each value of a € R, find the set of solutions to the following system of linear
equations.

20 +ay+z = —1,
r—y+3z=1,
—x 42y 42z = 2.

4. (a) Let ¢ : V — W be a linear map between two vector spaces. Define the image
of ¢ and show that this is a subspace of W.

(b) Let R[z]3 be the vector space of polynomials of degree at most 3 and let M(R)
be the vector space of 2 x 2 matrices with real entries. Consider the linear
function @ : Rlz]s — My(R) given by

(where we write f’ for the first derivative of f).

Find the rank and nullity of ®, giving justification for your answer and quoting
any theorems that you use.
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5. Let R[x]3 be the vector space consisting of polynomials of degree at most 3. Consider
the linear function T': R[x]3 — R[x]3 given by

T(p(x)) = zp'(x) — plz + 1),
where we write p’ for the first derivative of p.

(a) Write down the matrix of T" with respect to the standard basis of R[z]s.
(b) Determine the rank and nullity of 7.

ED01/2018 CONTINUED
University of Durham Copyright



I 1 Me, . . - - - --T=======-=-- A
, Page number , Exam code

1 4o0f4 l l MATH1071-WEO1 1

SECTION B

Use a separate answer book for this Section.

-32 24
A= (—40 32) '

Find a matrix B such that A = B3.

6. Let A be the matrix

7. Let V be the vector space R[z]3 of real polynomials of degree at most three and let
L :V — V be the linear operator

L (p(x)) =p'(x) +plx +2)

with p(z) € R[z]; and p'(z) = dp(x)/dz. Write down the matrix M, representing
L on V, using the standard basis {1, z,2? 2}, and then find the eigenvalues, the
eigenvectors, and the eigenfunctions.

8. Show that
(X,y) = 2191 + Ta2y1 + T1Y2 + 222y2 + T3y + Toys + 3x3y3

defines an inner product on V = R? and then find the orthogonal complement to
the vector subspace given by

U = span 0

with respect to this inner product.

9. (i) If Ais an n X n matrix, show that A and its transpose A’ have the same
eigenvalues.

(ii) If B is an n x n hermitian matrix, show that its eigenvalues are real numbers.

10. Let
G={I,A B}

where I denotes the 2 x 2 identity matrix while

i )

Show that G is a group under matrix multiplication, which you may assume is
associative. Present another group of the same order which is isomorphic to G and
give explicitly an isomorphism between the two.
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