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SECTION A
1. Find the monic greatest common divisor d(z) in (Z/3)[x] of the polynomials
flx) =2 +22° + 2 + o +1, gr)=2"+2r° + 2 +1
and find polynomials A(x), B(x) € (Z/3)[x] such that
Az)f(x) + B(x)g(z) = d(x).

2. (a) Let R be a commutative ring and let I be an ideal in R. Let a,b € R be
elements in R.

i. State the definition of the ideal generated by a and b, denoted by (a, b).
ii. Prove that if a and b are elements of R such that a,b € I, then

(a,b) C I.

(b) Let R = Z[V/5] = {a + bV/5 : a,b € Z}. Then prove the following equality of
ideals

(34+V5) = (13 + 7v5,8 4+ 4/5).
3. Let R be the quotient ring Z/2[z]/(z*+x+41). Let g(z) = a®+a*+z+1 € (Z/2)[x].

(a) Without proof, list all the elements of R.
(b) Find a polynomial h(x) € (Z/2)[x] of degree < 2 such that g(z) = h(z) in R.

(¢) Find a multiplicative inverse of g(z) in R.
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4. (a) Let ¢: G — H be a group homomorphism. Show that ker¢ is a normal
subgroup of G.

(b) State the First Isomorphism Theorem for groups and Lagrange’s theorem.

(c) Let G be a finite group of order 21 and let K be a finite group of order 49.
Suppose that G does not have a normal subgroup of order 3. Then show that
the only group homomorphism from G to K is the trivial map: ¢(g) = ek for
all g € G.

5. For each of the following pairs of groups, either write down an isomorphism (you do
not have to prove that it is an isomorphism) between the two groups, or prove that
the two groups are not isomorphic by identifying an invariant quantity.

a) S3 and Ds.

b) D3 and Z/3.

(a)
(b)
(¢) Z/2 x Z/2 and Z/4.
(d)
)

d) Z/2 x Z/3 and Z/6.
(e) Qs and Dy.

Here S3 is the symmetric group on 3 letters, D, is the dihedral group of symmetries
of a regular n-gon, and Qg = (—1,4,j,k | (=1)*> =1,1*> = j?> = k* = ijk = —1), with
1 the identity element, is the quaternion group of order 8.

6. Let G be an abelian group and let f: G — Z be a surjective group homomorphism.
Prove that we have an isomorphism of groups G = ker(f) x Z. To start, choose an
element s € G such that f(s) =1 € Z, and use s to write down a homomorphism
from G to ker(f) x Z, or vice versa, and then show that the map you write down is
an isomorphism.
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SECTION B

7. Suppose R is an integral domain, and let a and b be irreducible elements of R. The
elements a and b are said to be associates if there exists a unit u € R satisfying
a = ub.

(a) Show that if a and b are both divisible by p € R, then either a and b are
associates or p is a unit.

(b) Suppose [ is a principal ideal of R containing a and b. Show that if @ and b
are not associates, then I = R.

(c) Let R =Z[V—5] = {a+b/=5 ] a,b € Z}. Let N(a+ by/—5) = a® + 5b* be a
norm on R. Show that N(u) =1 for any unit v € R. You may use here that
the norm is multiplicative, i.e., N(zy) = N(x)N(y) for every z,y € R.

(d) With the help of part (c), show that the elements 2 and 1++/—5 of the integral
domain Z[v/—b] are not associates.

(e) Using the previous parts, show that the ideal (2,1 + +/—5) of Z[\/—5] is not
principal. You may assume that 2 and 1 + /=5 are irreducible in Z[v/—5].
8. Let f(x)=a*+23+ 2> +2+ 1€ Q[z].
(a) Prove that the polynomial f(z) = x*+a3+2?+x+1 € (Z/2)[z] is an irreducible
polynomial.

(b) Using part (a) or otherwise, prove that the polynomial f(x) is an irreducible
polynomial in Q[z].

(¢) Let a € C be a root of f(x). Let
Qla] = {ag + a1 + aza® + aza’ : ag, a, as, a3 € Q}

be a subset of C. Prove that Q[«] is a subring of C.

(d) Using the evaluation map ¢ : Qz] — C, defined by ¢(g(z)) = g(«), prove
that Qo] = Q[z]/(f(x)). Prove that Q[a] a field. You may use that ¢ is a

homomorphism.

(e) Prove that Q[z]/(2® — 1) 2 Q x Q|a].
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Compute the conjugacy classes in Dyg, the dihedral group with 20 elements.
Find a non-cyclic subgroup of Dy with 10 elements.

Find a normal subgroup of Djy with cardinality 5. Construct a surjective
homomorphism from Dy to a group of cardinality 4.

Show that there is no normal subgroup of Djy with cardinality 4.

State the Burnside lemma for counting the number of orbits of an action of
a finite group G on a set X. Assuming the orbit-stabiliser theorem, give the
proof of the Burnside lemma.

How many essentially different ways are there to colour the faces of a cube in
some combination of red and yellow? Here we say that two colourings are the
same if one can be rotated to the other. [Hint: to apply the Burnside lemma,
let X be the set of possible colourings of the cube in one position, and let G
be the order 24 group of rotational symmetries of the cube.]
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