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SECTION A

1. (a) Give the definition of a vertex of a regular plane curve. Find the vertices of
the curve α(u) = (u, cosu), u ∈ R.

(b) State the 4-vertex theorem. For each assumption of the theorem explain what
does it mean. Is there a curve satisfying all conditions of the 4-vertex theorem
and having more than 4 vertices? Justify your answer.

2. Let α(u) = (u3 + u2 + 3, u2 − u+ 1, u2 + u+ 1), u ∈ R be a curve in R3.

(a) Show that α is a regular curve.

(b) Find the torsion τ of α and determine whether the trace of α is contained in
a plane in R3.

3. (a) Give the definition of a regular surface in R3.

(b) Show that the following sets are regular surfaces. State explicitly all statements
you use in your proofs.

(i) S1 = {(x, y, z) ∈ R3 | 3x2 + 2y2 − z2 = 5}.
(ii) S2 ⊂ R3 given by x(r, ϕ) = (r cosϕ, r sinϕ, r3), where r > 0, 0 ≤ ϕ < 2π.

4. Let S be the surface parametrised by x(u, v) = (u, v, u3 + v3).

(a) Find the coefficients of the first and second fundamental forms.

(b) Compute the Gauss curvature of S. Find the hyperbolic, flat and elliptic
regions on S.

5. (a) Give the definition of an asymptotic curve on a surface. State the equivalent
condition in terms of the second fundamental form.

(b) Find all asymptotic curves on the surface x2 + y2 = z.

6. Consider the surface S parametrised by x(u, v) = (u, v, u2).

(a) Give the definition of a geodesic on a surface. Is the curve α(w) = (w, 0, w2)
geodesic on S? Justify your answer.

(b) Find at least one geodesic on S. Justify your answer.
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SECTION B

7. A curve is called a generalised helix if its tangent makes a constant angle with a
fixed line l in space. Such a line l is called an axis of the helix.

(a) Let α(u) = (eu cosu, eu sinu, eu), u ∈ R. Find curvature and torsion of α.

(b) Show that the curve α defined in part (a) is a generalised helix. Find its axis.

(c) Can a generalised helix have two non-parallel axes? Justify your answer.

(d) Let f(s) : R → (0,∞) be a smooth positive function. Show that there exists
an arc length parametrised generalised helix β(s) with curvature κ(s) = f(s).

8. Define the first fundamental form on the upper half-plane U = {(u, v) ∈ R2 | v > 0}
by

E(u, v) :=
1

v2
, F (u, v) := 0, G(u, v) :=

1

v2
.

(a) Consider the curve αv0(t) ⊂ U given by αv0(t) = (t, v0) where t ∈ (0, 1) and
v0 > 0 is a constant. Find the arc length l(αv0) of the curve αv0(t). Find the
limit of l(αv0) as v0 →∞.

(b) Consider the curve β(t) = (1
2
, t) ⊂ U , t > 0. Find the angle between αv0 and

β at p ∈ U , where p = β ∩ αv0 is the intersection point of β and the curve
αv0 defined in part (a).

(c) Find the area of the domain Ru0,v0 = {(u, v) | 0 < u < u0, 0 < v0 < v} ⊂ U .

(d) Is the area of the domain T = {(u, v) | 0 < u < v < 1} ⊂ U finite or infinite?
Hint: Try to answer without any computations.

9. Let S be the surface given by the equation x2 + y2 = z2, z > 0.

(a) Show that x(r, θ) = (r cos θ, r sin θ, r), where r ∈ (0,+∞), θ ∈ (−π, π) is a
local parametrisation of S at the point p = (1, 0, 1).

(b) Construct a local isometry at the point p = (1, 0, 1) ∈ S from S to a flat
domain on the plane. You may use any parametrisation of S.

(c) Find the geodesic on S passing through the point p = (1, 0, 1) and having the
tangent vector (0, 1, 0) at p.

10. The regular surface S ⊂ R3 is given by

S = {(x, y, z) ∈ R | x2 + y2 − z2/3 = 0, 1 < z < 8}.

(a) Find the value of the integral
∫

S
KdA.

(b) State the global Gauss-Bonnet Theorem explaining all notions which you use.

(c) Find the Euler characteristic of S.

(d) Verify the global Gauss-Bonnet Theorem directly for the surface S.
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