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SECTION A

1. Let K be a splitting field for X7 — 5 over Q.

(a) Prove that K contains a primitive 7-th root of unity.
(b) Find the degree [K : Q] of K over Q. (Justify your answer.)

2. Let P=X*+ X +1eF,X].

(a) Prove that P is irreducible.
(b) Let K = Fy(), where 6 is a root of P. Apply the Kummer theory to prove that
X% — 60 € K[X] is irreducible.
3. Suppose L/K is a finite Galois extension and F is a field between K and L.

(a) Prove that L/E is Galois.
(

)
b) Is E/K always Galois? (Justify your answer.)
(c) Prove that if [E : K] = 2 then F/K is Galois.
)
)

a) Give the definition of separable field extension.

(
(b

Give an example of a separable quadratic extension L of a field K of character-
istic 2.

(c¢) Give an example of an inseparable quadratic extension E of a field F' of char-
acteristic 2.

5. Suppose (i3 € C is a 13-th primitive root of unity.

(i) Prove the existence of a unique subfield K of Q((;3) such that [Q((i3) : K] = 2.
(ii) Find an element # € K such that K = Q(#). (Justify your answer.)

6. Find the Galois groups of the following polynomials in Q[X]:

(a) X3 —3X +2;
(b) X3 —3X —1.
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SECTION B

Suppose L is a splitting field for X* — 7 € Q[X].

(a) Describe the structure of G = Gal(L/Q).

(b) Find all subfields K of L such that [K : Q] = 2. (Justify your answer.).
(c) Find all subfields F of L such that [E : Q] = 4. (Justify your answer.)
(d) Prove that v/5 ¢ Q(v/7).

. Let L be a splitting field for (7% — 1)(T" — 1)(T" — 1) € Q[T

(a) Find the degree [L : Q] and the Galois group Gal(L/Q).
(b) Prove that L does not contain /5.
(c) Find a subfield F in L such that [E : Q] = 8.
)

(d) Prove that the above subfield E is unique, i.e. if K is a subfield of L such that
[K : Q] =8 then K = F.

. Let L be a splitting field for X4 + 2X? — 4 € Q[X].

(a) Find the Galois group of L over Q.

(b) Prove that Q(v/5,7) C L.

(c¢) Find the Galois group of L over Q(v/—5).
)
(

(d) Find the Galois group of L over Q(7).

i) Find all complex roots of the polynomial (where i = v/—1)

X —3X%24+2V3iX +1.

(ii) (a) List all subfields of Fg;.

(b) Does this field contain a primitive 16-th root of unity? (Justify your
answer. )

(c) Find the degrees of all irreducible polynomials dividing X% — 1 € F5[X].
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