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SECTION A

1. The velocity vector field v(r, θ, z) = rer of a continuous medium is given in cylin-
drical coordinates (r, θ, z), r ∈ [0,∞), θ ∈ [0, 2π], z ∈ R, where

x1 = r cos θ

x2 = r sin θ

x3 = z

(a) Sketch the particle paths corresponding to the vector field v;

(b) Write down the continuity equation satisfied by the vector field v in cylindrical
coordinates.

2. The complex potential w(z) is given by

w(z) =
1

z2
, z ∈ C \ {0},

where z = x+ iy, x, y ∈ R, x2 + y2 6= 0.

(a) Find the velocity potential φ(x, y) and the stream function ψ(x, y) correspond-
ing to the complex potential w(z);

(b) Find the velocity field u = (u1(x, y), u2(x, y)) corresponding to the complex
potential w(z).

(c) Find the flux
∫
γ
u.n dl of the velocity field u corresponding to w(z) across the

curve γ = {(s, s), s ∈ [1, 2]} connecting the points A = (1, 1) and B = (2, 2).
The unit normal vector n to the curve γ is chosen in such way that it points
in the negative imaginary direction.

3. (a) Let v(x) = (v1(x), v2(x), v3(x)) and p = p(x), x ∈ R3, be smooth and represent
the velocity vector field and pressure of a steady incompressible ideal fluid with
constant density ρ(t, x) ≡ ρ0 > 0. Assuming that the external force takes the
form F (t, x) = −∇V(x), where V(x) is a smooth scalar function, write down
the corresponding Bernoulli integral.

(b) A vertical jet of ideal incompressible fluid flows out of a round tap of radius
r0 with absolute velocity v0 > 0. Assuming that the flow is steady, the density
and the pressure are constant (ρ ≡ ρ0 > 0 and p ≡ p0 > 0) and the only
external force is gravity F (t, x) = (0, 0, g), find the radius r of the jet at the
distance h below the tap (see the figure below).
Hint: use the Mass Conservation Law and the theorem on the Bernoulli inte-
gral.
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4. Consider an isotropic Newtonian fluid such that the deviatoric stress tensor is

dij = Aijkl∂kul ,

for some coefficients Aijkl.

(a) Show that the most general form of a 4th rank isotropic tensor is:

Aijkl = αδijδkl + βδikδjl + γδilδjk .

(b) Using the fact that the stress tensor is defined as σij = −pδij + dij and it has
the property σij − σji = 0, determine the relations between α, β and γ.

(c) Give the physical interpretation of the constant β .

5. (a) What is a Stokes flow?

(b) Starting from the dimensionless Navier-Stokes equations for an incompressible
fluid

∂t′u
′ + u′ · ∇′u′ = − P

U2ρ0

∇′p′ + 1

Re
∆′u′ ,

∇ · u′ = 0,

deduce the equations for a Stokes flow.

(c) For given viscosity and length-scale, is a Stokes flow more likely to appear at
high or low velocities? Justify your answer.

6. (a) Give the mathematical expressions of the phase and group velocities and state
an example of waves where the group velocity is the same as the phase velocity.

(b) Consider water waves with dispersion relation

ω(k) =
√
gk tanh(kH),

where g is the gravitational acceleration and H is the depth of the ocean.

Show that the group velocity is

cG =
c

2

[
1 +

2kH

sinh(2kH)

]
,

where c is the phase velocity.

(c) Taking the appropriate limits of H in question (b), find whether or not (i) deep
and (ii) shallow water waves are dispersive.
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SECTION B

7. Let v(x) = (v1(x), v2(x), v3(x)), x ∈ R3, be a vector field given in Cartesian
coordinates x = (x1, x2, x3) such that{

div v(x) = θ(x),

rot v(x) = 0,
θ(x) =

{
|x|2 −R2, |x| ≤ R,

0, |x| > R,

where R > 0 is a constant and |x| =
√

(x1)2 + (x2)2 + (x3)2.

(a) Compute the cubic potential

V (x) =

∫
R3

θ(y)

|x− y|
dy;

Hint: at the end of the calculation one needs to consider two regions separately:
|x| ≤ R and |x| > R.

(b) Using the obtained expression for V (x) find the vector field v(x);

(c) Assuming that the vector field v(x) is velocity field of an ideal incompressible
fluid with a constant density, ρ(x) ≡ ρ0 > 0, and the external force is 0, find
the pressure p(x). We suppose that the pressure p(x) is continuous and satisfies
the extra condition lim

|x|→+∞
p(x) = 0.

8. (a) Let D ⊂ R3 be a smooth bounded domain. Let also
(
v(t, x), p(t, x)

)
, where

x ∈ D, v(t, x) = (v1(t, x), v2(t, x), v3(t, x)), p(t, x) is a scalar function, be a
smooth solution to the incompressible Euler’s equations:

∂tv + (v,∇)v + ∇p
ρ0

= −∇V , x ∈ D, t ≥ 0,

div v = 0, x ∈ D, t ≥ 0,

v.n|∂D = 0, t ≥ 0.

Here ρ0 > 0 is a constant, V = V(t, x) is a smooth scalar function, n = n(t, x)
is a unit outward normal vector to the boundary ∂D. Write down the evolution
equation for the vorticity ω(t, x) = rot v(t, x);

(b) Under the assumptions of part (a), prove that

d

dt

∫
D

ω(t, x) dx =

∫
∂D

v ω.n dσ;

Remark: the integral of a vector field u = (u1(x), u2(x), u3(x)), x ∈ D, is
understood in the natural way

∫
D

u(x) dx =

∫D u1(x) dx∫
D
u2(x) dx∫

D
u3(x) dx

 ,

∫
∂D

u dσ =

∫∂D u1 dσ∫
∂D
u2 dσ∫

∂D
u3 dσ

 .

Hint: we can put the time derivative under the sign of the integral.
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(c) Let D ⊂ R3 be a smooth bounded domain. Prove that for a smooth vector
field u(x) = (u1(x), u2(x), u3(x)), x ∈ R3, such that u|∂D = 0, the following
equality holds∫
D

(
| div u(x)|2 + | rot u(x)|2

)
dx =

∫
D

(
|∇u1(x)|2 + |∇u2(x)|2 + |∇u3(x)|2

)
dx.

Hint: for a smooth function f(x), x ∈ R3 we have ∂xi∂xjf(x) = ∂xj∂xif(x),
where i 6= j and i, j ∈ 1, 3.

9. Consider two coaxial cylinders of radii R1 and R2 with R1 < R2, whose common
axis is parallel to ez. The cylinders are initially at rest. The volume between the
two cylinders is filled with an incompressible fluid of density ρ = 1 and viscosity µ.

(a) Assuming that u = uz(r)ez, find the steady-state solution describing the flow
of the fluid if the pressure is p = −Gz, for some constant G.

(b) Once the fluid has reached the steady-state described in part (a) the outer
cylinder starts rotating at angular velocity Ω. After some time the fluid re-
laxes to a new steady-state u = uθ(r)eθ + uz(r)ez, where θ is the azimuthal
coordinate. Find this steady flow.

(c) Find the energy dissipation rate of the flow per unit length of the cylinder for
the steady-state flow corresponding to part (a).

10. Consider the shallow water equations:

∂tv + v · ∇v = −g∇h

and
∂th+∇ · (hv) = 0 ,

where v is equal to (ux, uy) and h is the total water depth.

(a) Show that the shallow water equations conserve both

E =
1

2

∫
D

(
h|v|2 + gh2

)
dV

and

Z =

∫
D

(∇⊥ · v)2

h
dV .

(b) Linearise the shallow water equations by setting v = v̂ and h = H + η̂. Deter-
mine the wave speed for η̂.

(c) When the Coriolis term is included the shallow water equations are modified
so that

∂tv + v · ∇v + 2Ωez × v = −g∇h
and

∂th+∇ · (hv) = 0 ,

where Ω is a constant. Linearise these equations and find the dispersion relation
for waves of the form v̂ = ṽei(k·x−ωt) and η̂ = η̃ei(k·x−ωt).
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