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SECTION A
1. Consider a market that has an interest rate of 3%, continuously compounded, and
a stock with a current share price of 70. Suppose that the market prices of three

European call options on the stock, with expiry time 18 months, are as follows:

Strike price ‘ Current price of option

40 32
60 16
80 6

Suppose also that a strangle option on the stock with the same expiry time is offered
on the market, with contract function ®(z) = max{|z — 70| — 10,0}.

(a) Draw the graph of the payoff of the strangle option against the share price of
the underlying stock at expiry.

(b) Calculate the current price of the strangle option that avoids arbitrage on the
market.

(¢) Under what market conditions would you consider purchasing this strangle
option?

2. Consider the one-period financial market M = (By,S;) on two assets, where the
risk-free asset price satisfies By = 1, B; = 1 + r and the risky asset price satisfies
S[) =S,

g _ su  with probability p,
"7 ) sd  with probability py

where r > 0,s > 0,u > d > 0 are constant parameters and p, and p, are positive
probabilities that sum to 1.

(a) Prove that the market is arbitrage free if and only if d < 1 +r < u.

(b) Assuming the market is arbitrage free, calculate the no-arbitrage price at time 0
of a contingent claim that returns +1 if S; = su and —1 if S; = sd.

3. (a) State the Cox—Ross—Rubinstein formula for the price at time 7' — ¢ of a Eu-
ropean call option with strike price K and expiry time 7. What assumptions
about the underlying stock behaviour are necessary for the formula to be valid?

(b) Use the formula to find the price at time 0 of a European call option with
strike price 70 and expiry date 5 on a stock whose initial share price Sy = 100
and which evolves according to a binomial model with parameters u = 1.1,d =
0.9, p, = 2/3,pq = 1/3 and interest rate r = 0.05.
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4. (a) State the Black—Scholes formula for the price C' of a European call option on
an underlying stock whose price follows a geometric Brownian motion. Define
clearly any notation you use.

(b) Calculate A = — | the derivative with respect to the current share price, and

oS
show that 0 < A < 1.

5. (a) State the definition of a Brownian motion.

(b) Suppose (Wy)i>o and (V;);>0 are independent Brownian motions, and define
X = aW; + [V;. For which values of « and [ is (X¢);>0 a Brownian motion?

(c) Suppose that (W})sepo,r7 is a Brownian motion on the time interval [0, T']. Prove
that (Wp — Wr_¢)iepo,r) is also a Brownian motion on the time interval [0, 7.

6. Let (W})i>0 be a Brownian motion.

(a) Give the distribution of the It6 integral I = fOT f(t)dW; for a deterministic
function f(t).

(b) State the It6 isometry for a general It6 integral.
(c) Calculate E[fol eVt dIV;] and Var[fol eVt dIV,.

SECTION B

7. (a) State the definitions of a standard lookback call option and standard lookback
put option on an underlying asset.

(b) Suppose the current share price of the asset is Sy = 40 and evolves according
to the binomial model with v =5/4, d = 1/2, p, = 3/4, p; = 1/4 and that the
interest rate is » = 1/8. Find the no-arbitrage prices at all times t = 0,1,2,3
of both a standard lookback call option and a standard lookback put option
on this asset with expiry time 7" = 3.

(¢) A new “chooser option” is offered on the market based on the above options.
The chooser option is sold at time 0 and at time 1 the holder must decide
whether the option will be a lookback call option, or a lookback put option.
What is the price at time 0 of this chooser option?

(d) Calculate the self-financing portfolio that replicates the option in part (c), in
the case where the asset price increases at every time step.
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8. Consider a 2-period financial market with possible share prices S;, ¢t = 0,1, 2, of a
risky asset given by the recombining tree:

2

time 0 1

Suppose the interest rate per time step is r = }1.

(a)
(b)

(b)

A European put option has a value of 2 at time 0. What is its strike price Kg?

An American put option has a value of 2 at time 0. What is its strike price K47

(Hint: You might find it helpful to first explain which of K4 < Kgor K4 > Kg
holds.)

What is the largest strike price K for which the values at time 0 of the European
and American put options are the same?

State It0’s Lemma for a smooth function f(¢, R;) of time ¢ and an It6 process

(Re)eo-
The Cox—Ingersoll-Ross model for the interest rate process (R;):>o is given by
th = (O[ — 5Rt)dt + g4/ thVVt

where «, f and o and R, are positive constants, and (W;):>o is a Brownian
motion.

Calculate E[R;] and Var[R,].

Hint: Applying 1t6’s Lemma to an appropriate function f(t, R;) may simplify
the calculation.

10. Suppose that a stock has a current price of £15, and moves as a geometric Brownian
motion with drift ¢ = 0.1 and volatility ¢ = 0.2, and suppose that the risk-free
interest rate is 5% compounded continuously.
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Write down the continuous-time Black—Scholes differential equations that model
the price dynamics of this market.

Define clearly the risk-neutral measure, and state the risk-neutral valuation
formula for a contingent claim X on the underlying stock.

What is the value at time ¢ of a cash-or-nothing binary option which pays off
£1 if the share price is more than £15 in one year’s time?

Calculate the self-financing portfolio that replicates the option in part (c).
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