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SECTION A

1. Locate all singular points, and find their tangent lines together with their multiplic-
ities for the projective curve C' C P% defined by

(X2 +Y?—47%?2 -2V Z = 0.

2. (a) State Bezout’s Theorem. (You do not need to provide the definition of inter-
section multiplicity here).

(b) Let C, D be irreducible curves in P% of degrees d; and dy respectively with
dy # dy. Show that

4((Sing(C) U Sing(D)) N €1 D) < [M} ,

2
where for an € R, [z]| denotes the smallest integer larger or equal to .

3. (a) Let F(X,Y,Z) € C[X,Y, Z] be a homogeneous polynomial of degree d. State
Euler’s relation for F'.
(b) Assume now that d > 3. Show that
Fxx Fxy Fxz

ZHp=(d—-1)|Fyx Fyy Fyz|,
Fx Fy Fy

where Hr denotes the Hessian of F'.
4. Let E be the cubic in PZ4 defined by the equation
X +Y?=2°
(a) Show that E is non-singular.

(b) Show that the point O = [1,—1,0] € E is a flex.
(¢) Considering the group law on E with O as the neutral element show that for
any point P = [a,b,c] € E we have
—P =1b,a,c|.

5. Consider the elliptic curve F defined over 5 by the equation Y27 = X3 +4X 7%+ 7,
with O = [0, 1, 0] its neutral element.
(a) Find all points in E(F5)
(b) Show that E(F5) = Z/8Z as abelian groups.
6. (a) Let p=e?™/3 and define the lattice A, := Zp +Z C C . Show that pA, = A,.
(b) For a lattice A we define
GiA)= > w™

0#£weA
Show that G4(A,) = 0, where A, is as in (a) above.
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SECTION B

7. (a) Let C and D be algebraic curves in P4, and P € P%. Give necessary and
sufficient conditions such that Ip(C, D) = 1.

(b) Find the points of intersection together with their intersection multiplicities of
the pairs of projective curves Cr and Cg in P2 defined by the polynomials

F(X,Y,Z)=X3-Y?44X2°

and
G(X,Y,Z) = X2 4+Y?+427%

(c) Let Cr and Cg be algebraic curves in P4 both of degree n, defined by homo-
geneous polynomials F,G € C[X,Y,Z], and assume #(Cr N Cg) = n?. We
assume that there exists an irreducible curve Cy of degree m, defined by a
homogeneous polynomial H € C[X,Y, Z] such that §(Cy N Cr N Cg) = nm
with 1 <m < n.

i. Let P =la,b,c] € Cy and assume that P ¢ Cr N Cg. Define the polyno-
mial

W(X,Y,Z) = F(a,b,c)G(X,Y,Z) — G(a,b,c)F(X,Y, Z).

Show that H(X,Y, Z) divides W(X,Y, Z).
ii. Show that there exists an algebraic curve F in P% of degree at most n —m

that contains all the points in (Cr N Cq) \ (Cy N Cr N Cg), that is the
points in Cr N Cg, which are not points of Cy.

iii. Show that the curve E above has degree exactly n — m.

8. Let FE be an elliptic curve in P4 with neutral element O being one of its flexes.

(a) Show that for any P,Q, R € E we have that
i. P+ Q=0 ifand only if Lpg N E ={P,Q,O}.
i. P+Q+ R=0ifandonly if Lpg N E = {P,Q, R}.

(Here we follow the convention from the lectures that Lp¢ denotes the unique
line that contains P and @ if P # @, otherwise Lpg = Tp(E), the tangent
line of E at P.)

(b) Show that any line through two distinct flexes of £ meets F again at a different
flex.

(c) Consider two lines L; and Ly in P4 and assume that L; N E = {A;, Ay, A3}
and Ly N E = {By, By, B3}. Define points Cy,Cy,C5 € E by La, 5, N E =
{A;, B;, C;}. Show that Cy, Cy, C5 are collinear.

(d) Assume now that E is given by Y2Z = X3+ AX 7%+ BZ? with 4A3+27B% # 0
and O = [0,1,0]. Let P and @ be any two flexes of E. Show that if we write
[a, b, c] for the coordinates of the point P + 2Q) with respect to the addition on
E then b # 0.
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9. Let A = Zw, + Zuws, be a lattice in C and write p(z) = Z% + ZO#UE/\ <ﬁ - L)
for the Weierstrass p-function associated to A.
(a) Show that ¢'(z +w) = ¢'(z) for all w € A and that ©'(%) = 0 for i = 1,2, 3,
where ws 1= w; + ws.
(b) Let 1 <n €N, and let v € C with nu € A. Then show that

0 mod A, if n odd

;5 %2, % mod A, if nis even

u = —u mod A, if and only if, u = {

(c¢) Show that for all 1 < n € N there exist polynomials P,(X) € C[X] such that
Pulp2)) =n> [ (pz) = pw) ifnisodd,
0ue(C/A) )

and

o' (2) (Palp(2)))* =n*  J]  (p(2) = () ifniseven,
0#u€(C/A)[n]

(d) For each fixed choice of P, (X) as above, we define

2) = P,(p(2)) if nis odd
e {p/(z)Pn(@(z)) if n is even

Show that ordy(f,) = —(n* — 1). Further show that f,(z) = 0 if and only if
z€ C\ A and nz € A.

(e) Let n > 2. Find the zeros and poles and their orders of the function

fn-1(2) frni1(2)
(fa(2))?

10. Let E be an elliptic curve defined over the finite field F,, with ¢ = p™ for some
prime p, and m € N. Define a € Z by {E(F,) = ¢+ 1 —a, and o, 5 € C by

> —ar +q=(z—a)(z-B).
(a) Set s, = a"+ (", for n € N. Show that so =2, s = a and s,11 = as, — ¢sS,_1
for n > 1.
(b) Show that @ =0 (mod p) implies that §E(F;.)[p] = 1 for all n € N.
(c) Show that a # 0 (mod p) implies that §E(Fp-1)[p] # 1

(d) Assume p > 5 and m = 1. Show that §£(F,) = p+1 if and only if £ (F,)[p] =
1 for all n € N.

(e) Let p =5 and consider the elliptic curve E over F5 defined by Y?Z = X3 + 73
with O = [0, 1,0]. Determine §E(Fi95) and §E(Fa5)[5].
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