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SECTION A

1. Let X, Y be two vector fields on R3 defined by

X(x, y, z) = 2y
∂

∂x
+ (z − 2x)

∂

∂y
− y ∂

∂z
,

Y (x, y, z) = −z ∂
∂x

+ x
∂

∂z
.

(a) Calculate the Lie bracket [X, Y ].

(b) Let r > 0 and S2(r) = {(x, y, z) | x2 + y2 + z2 = r2} be the sphere of radius r.
Show that the restriction of [X, Y ] to S2(r) is a vector field on S2(r).

2. Let M := {(x, y, z) | x2 + y2 = z} be the paraboloid. Choose a suitable coordinate
chart ϕ = (r, α) : M\{(0, 0, 0)} → (0,∞)× (0, 2π) and calculate

∇ ∂
∂r

∂

∂r
, ∇ ∂

∂r

∂

∂α
, ∇ ∂

∂α

∂

∂r
, ∇ ∂

∂α

∂

∂α
.

3. Let (M, g) be a Riemannian manifold.

(i) Give the definition of the exponential map at a point p ∈M .

(ii) Give the statement of the Gauss Lemma at a point p ∈M .

(iii) Let J : [a, b] → TM be a Jacobi field along a geodesic c : [a, b] → M and
f(t) = ‖J(t)‖2. Show that if M has non-positive sectional curvature then
f ′′(t) ≥ 0.

4. (a) Define the Levi-Civita connection on a Riemannian manifold.

(b) Derive Bianchi’s first identity

R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = 0

from Jacobi’s identity [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]]. You don’t need
to prove Jacobi’s identity.
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5. The Heisenberg group is given by

H =


1 x z

0 1 y
0 0 1

 | x, y, z ∈ R

 .

H has a global coordinate chart ϕ : H → R3 via

ϕ(

1 x z
0 1 y
0 0 1

) = (x, y, z).

Let e = ϕ−1(0, 0, 0), g = ϕ−1(x, y, z), and Lg, Rg : H → H be the left- and right-
multiplication maps, defined by Lg(h) = gh and Rg(h) = hg. Calculate the tangent
vectors

DLg(e)

(
∂

∂y
|e
)
∈ TgH and DRg(e)

(
∂

∂z
|e
)
∈ TgH

in terms of ∂
∂x
|g, ∂

∂y
|g, ∂

∂z
|g.

6. (i) Let f : Rn → Rk be a smooth map, n > k, y ∈ f(Rn) be a regular value,
M := f−1(y) and p ∈M . Show that

TpM = kerDf(p).

(ii) Let Z = {(x, y, z) ∈ R3 | x2 + y2 = 1, z ∈ (0, 1)} be a cylinder and C =
{(x, y, z) ∈ R3 | x2 + y2 = z2, z ∈ (0, 1)} be a cone. Let f : Z → C be defined
by f(x, y, z) = (zx, zy, z). Check that

p =

(
1, 0,

1

2

)
∈ Z and v =

(
0,−1,

1

3

)
∈ TpZ

and calculate Df(p)(v) ∈ Tf(p)C.
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SECTION B

7. Let M(n,R) denote the set of all n× n matrices with real entries, Sym(n) = {A ∈
M(n,R) | A> = A} and

J =

(
Idn−1 0

0 −1

)
∈M(n,R),

where Idk denotes the identity matrix on Rk. Let

O(n− 1, 1) = {A ∈M(n,R) | AJA> = J}.

(a) Show that all matrices in O(n− 1, 1) are invertible and that O(n− 1, 1) forms
a group under matrix multiplication.

(b) Let f : M(n,R) → Sym(n) be defined as f(A) = AJA>. Show for A,B ∈
M(n,R) that

Df(A)(B) = AJB> +BJA>,

and conclude that for A ∈ O(n− 1, 1) and C ∈ Sym(n),

Df(A)

(
1

2
CJA

)
= C.

(c) Show that J ∈ Sym(n) is a regular value of f .

(d) Show that O(n− 1, 1) is differentiable manifold and determine its dimension.

8. (a) Let R be the curvature tensor of a Riemannian manifold (M, g). State the
symmetry properties of R. Show that

R(X, Y )(fZ) = fR(X, Y )Z

for X, Y, Z ∈ X(M) and f ∈ C∞(M).

(b) Assume there exists a constant C ∈ R such that the curvature tensor R of
(M, g) satisfies, for all X, Y,W,Z ∈ X(M),

〈R(X, Y )W,Z〉 = C(〈X,Z〉〈Y,W 〉−〈X,W 〉〈Y, Z〉). (∗)

Show that (M, g) is then an Einstein manifold, that is, Ric = λg for some
function λ ∈ C∞(M).

(c) Let (M, g) be a Riemannian manifold and c : [a, b] → M a geodesic. Let
X ∈ Xc(M) be a parallel vector. Show that t 7→ 〈X(t), c′(t)〉 is constant.

(d) Let (M, g) be a Riemannian manifold satisfying (∗) with a constant C ≤ 0.
Let c : [a, b] → M be a geodesic parametrised by arc-length and X ∈ Xc(M)
be a parallel vector field along c with X(a)⊥c′(a). Show that then the vector
field

J(t) = cosh(
√
−Ct)X(t)

is a Jacobi field along c.
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9. Let ϕ−1(x, y) = (f(x) cos(y), f(x) sin(y), h(x)) with f : [a, b] → (0,∞) and let
h : [a, b]→ R be a coordinate chart of a surface of revolution, denoted by S. Assume
that S carries the induced metric of the Euclidean R3. Assume, furthermore, that

(f ′(x))2 + (h′(x))2 = 1 for all x ∈ [a, b].

In this question, you may use without proof the following equalities:

∇ ∂
∂x

∂

∂x
= 0,

∇ ∂
∂x

∂

∂y
=

f ′(x)

f(x)

∂

∂y
,

∇ ∂
∂y

∂

∂y
= −f(x)f ′(x)

∂

∂x
.

(a) Calculate the first fundamental form (gij(x, y)) of this coordinate chart and
show that, for any fixed y0, the curves c : [a, b] → S, defined by c(t) =
ϕ−1(t, y0), are geodesics and parametrised by arc-length.

(b) Let Rp : TpM × TpM × TpM → TpM be the curvature tensor of a general
Riemannian manifold (M, g) and Π ⊂ TpM a 2-plane spanned by v, w ∈ TpM .
Give the formula for the sectional curvature Kp(Π) in terms of v, w.

(c) Consider the geodesic variation F : [y1, y2] × [a, b] → S, F (s, t) = ϕ−1(t, s) of
c(t) = ϕ−1(t, y0) with y0 ∈ [y1, y2] and X ∈ Xc(S) its variational vector field.
Calculate X ′′ = D2

dt
X explicitly. Give an explanation why X is a Jacobi field.

(d) Let p = ϕ−1(x, y) with (x, y) ∈ [a, b] × [y1, y2]. Use the explicit formula for
X ′′ and the Jacobi equation X ′′ + R(X, c′)c′ = 0 to calculate the sectional
curvature Kp(TpS).
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10. Let H2 = {(x, y) ∈ R2 | y > 0} be the hyperbolic plane with the identity as global
coordinate chart and first fundamental form given by

(gij) =

( 1
y2 0

0 1
y2

)
.

We associate to A ∈ SL(2,R) the map fA : H2 → H2 via

A =

(
a b
c d

)
 fA(z) =

az + b

cz + d
,

by identifying H2 with C = {z = x+ iy ∈ C | y > 0}.

(a) Show that

Im(fA(z)) =
Im(z)

|cz + d|2
.

(b) Use the formula DfA(z)(v) = 1
(cz+d)2

v (without proof) to show that, for all

A ∈ SL(2,R), z ∈ H2, v ∈ TzH2:

〈DfA(z)v,DfA(z)v〉fA(z) = 〈v, v〉z,

that is, fA is an isometry.

(c) Show for A,B ∈ SL(2,R) that

fAB = fA ◦ fB.

(d) Assume without proof that the non-zero Christoffel symbols of the above
global coordinate chart at z = x+ iy are

Γ2
22(z) = Γ1

12(z) = Γ1
21(z) =

−1

y
, Γ2

11(z) =
1

y
.

Show that H2 has constant sectional curvature −1.
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