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SECTION A

1. Let X,Y be two vector fields on R? defined by
0 0 0
X = 2y— —2)— —y—
(z,y,2) Yo+ (z — 2z) o Yo

Y(z,y,2) = —2— +2x—.

(a) Calculate the Lie bracket [X,Y].

(b) Let r > 0 and S?(r) = {(z,y, 2) | #* + y* + 2> = r?} be the sphere of radius r.
Show that the restriction of [X,Y] to S?(r) is a vector field on S?(r).

2. Let M :={(x,y,2) | 2> + y*> = 2z} be the paraboloid. Choose a suitable coordinate
chart ¢ = (r,a) : M\{(0,0,0)} — (0,00) x (0,27) and calculate

0 V@i \Y 0 V@i.
20 o

, 2
or Jav” oa Or’

V%E’

3. Let (M, g) be a Riemannian manifold.

(i) Give the definition of the exponential map at a point p € M.
(ii) Give the statement of the Gauss Lemma at a point p € M.

(iii) Let J : [a,b] — TM be a Jacobi field along a geodesic ¢ : [a,b] — M and
f(t) = ||J(®)]|*>. Show that if M has non-positive sectional curvature then
f(t) = 0.

4. (a) Define the Levi-Civita connection on a Riemannian manifold.
(b) Derive Bianchi’s first identity
RX,Y)Z+R(Y,Z)X+R(Z,X)Y =0

from Jacobi’s identity [X,[Y, Z]] + [Y,[Z, X]| + [Z,[X,Y]]. You don’t need
to prove Jacobi’s identity.
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5. The Heisenberg group is given by

1
H = 0 | z,y,z € R
0

O = 8
— <

H has a global coordinate chart ¢ : H — R? via

i ) = (z,y,2).

OO =
O~ 8
[l SR

Let e = »71(0,0,0), g = ¢~ (z,9,2), and Ly, R, : H — H be the left- and right-
multiplication maps, defined by L,(h) = gh and R,(h) = hg. Calculate the tangent
vectors

DL,(e) (a%’e) € T,H and DR,(e) (%Q e T,H

: o) 02| 2
in terms of 2{g, 5-1g: 37 -

6. (i) Let f : R® — RF be a smooth map, n > k, y € f(R") be a regular value,
M := f~!(y) and p € M. Show that

T,M =kerDf(p).
(i) Let Z = {(z,y,2) € R* | 22 +y*> = 1,2 € (0,1)} be a cylinder and C =

{(x,y,2) e R¥ | 22 +y* =2%2 € (0,1)} be a cone. Let f: Z — C be defined
by f(x,y,z2) = (2x, 2y, z). Check that

1 1
p= <1,0,§> €/ andv= <O,—1,§> c T,z

and calculate D f(p)(v) € Ty C.
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SECTION B

7. Let M(n,R) denote the set of all n X n matrices with real entries, Sym(n) = {A €
M(n,R) | AT = A} and

where Id;, denotes the identity matrix on R¥. Let
On—1,1)={Aec M(n,R) | AJAT = J}.

(a) Show that all matrices in O(n — 1,1) are invertible and that O(n — 1,1) forms
a group under matrix multiplication.

(b) Let f : M(n,R) — Sym(n) be defined as f(A) = AJA". Show for A, B €
M(n,R) that
Df(A)B) = AJB" + BJAT,

and conclude that for A € O(n —1,1) and C' € Sym(n),
1
Df(A) (§CJA> —C.

(¢) Show that J € Sym(n) is a regular value of f.

(d) Show that O(n — 1,1) is differentiable manifold and determine its dimension.

8. (a) Let R be the curvature tensor of a Riemannian manifold (M,g). State the
symmetry properties of R. Show that

R(X,Y)(fZ)= fR(X,Y)Z

for X,Y,Z € X(M) and f € C(M).

(b) Assume there exists a constant C' € R such that the curvature tensor R of
(M, g) satisfies, for all X, Y, W, Z € X(M),

(R(X, Y)W, Z) = C({X, Z){Y, W)= (X, W)Y, Z)). (*)

Show that (M, g) is then an Einstein manifold, that is, Ric = Ag for some
function A € C*°(M).

(c¢) Let (M,g) be a Riemannian manifold and ¢ : [a,b] — M a geodesic. Let
X € X.(M) be a parallel vector. Show that t — (X (t),c(t)) is constant.

(d) Let (M,g) be a Riemannian manifold satisfying () with a constant C' < 0.
Let ¢ : [a,b] — M be a geodesic parametrised by arc-length and X € X.(M)
be a parallel vector field along ¢ with X (a)Lc/(a). Show that then the vector
field

J(t) = cosh(v/—Ct) X (t)

is a Jacobi field along c.
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9. Let o !(x,y) = (f(x)cos(y), f(z)sin(y), h(x)) with f : [a,b] — (0,00) and let
h : [a,b] — R be a coordinate chart of a surface of revolution, denoted by S. Assume
that S carries the induced metric of the Euclidean R3. Assume, furthermore, that

(f'(x))+ (W (z))? =1 forall z € [a,).

In this question, you may use without proof the following equalities:

0
Va%% = 0,
) fl(a) 8
Vo — = =
o Oy f(x) oy’
9 )
V%8—y = —flz)f ($)a_x'

(a) Calculate the first fundamental form (g;;(x,y)) of this coordinate chart and
show that, for any fixed yp, the curves ¢ : [a,b] — S, defined by c(t) =
0 1(t,yo), are geodesics and parametrised by arc-length.

(b) Let R, : T,M x T,M x T,M — T,M be the curvature tensor of a general
Riemannian manifold (M, g) and II C T, M a 2-plane spanned by v, w € T,M.
Give the formula for the sectional curvature K,(II) in terms of v, w.

(c) Consider the geodesic variation F : [y;,y2] X [a,b] — S, F(s,t) = ¢~!(t,s) of
c(t) = o 1t yo) with yo € [y1, 2] and X € X.(S) its variational vector field.
Calculate X" = g—:X explicitly. Give an explanation why X is a Jacobi field.

(d) Let p = ¢~ Yx,y) with (z,y) € [a,b] X [y1,vs]. Use the explicit formula for
X" and the Jacobi equation X” 4+ R(X, )¢ = 0 to calculate the sectional
curvature K,(7,5).
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10. Let H? = {(z,y) € R? | y > 0} be the hyperbolic plane with the identity as global
coordinate chart and first fundamental form given by

(9i7) = <% ;) :

We associate to A € SL(2,R) the map fa : H> — H? via

a b az+b
A_ <C d> WfA(Z)_CZ—l—d’

by identifying H? with C={z =2 +iy € C |y > 0}.

(a) Show that
Im(z)

Im(fa(z)) = oo+ dP

(b) Use the formula Dfa(z)(v) = mv (without proof) to show that, for all
A€ SL(2,R), z € H?, v € T,H*:

(Dfa(2)v, Dfa(2)v) facz) = (v, 0)-,

that is, f4 is an isometry.
(¢) Show for A, B € SL(2,R) that

fap = fao fB.

(d) Assume without proof that the non-zero Christoffel symbols of the above
global coordinate chart at z = x + iy are
2 1 1 —1 2 1
[5(2) =Tip(2) =Ty (2) = 77 [Mh(2) = ;

Show that H? has constant sectional curvature —1.
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