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SECTION A

1. Let G be a finite group.

(a) Define the regular representation (7, V') of G and state the theorem about the
decomposition of V' into irreducible representations. What is dim Homg(V, V),
the dimension of the space of G-intertwiners of V' with itself?

(b) Assume G is abelian and fix g € G. Show that 7(g) is a G-intertwiner.
(¢) Assume G = Z/37Z. Write down explicitly the matrix 7(g) for every g € G and
explain why these give a basis for Homg(V, V).

2. (a) Let (p, V) be arepresentation of a finite group G. Define the dual representation
(p*, V*). What is the dual representation in terms of matrices? Show that

xv+(9) = xv(9)

(b) Explain why every finite-dimensional representation of the dihedral group D,
is equivalent to its dual representation.

3. (a) Give the character table of the symmetric group S3. (No justification required).

(b) Let f be the class function on S3 defined by f(C) = #C for a conjugacy class
C in S3. Express f in terms of the irreducible characters of S3. Does f arise
as the character of a representation of S37 Justify your answer.

4. Let G be a linear Lie group and g be its Lie algebra.

(a) Give explicit formulas for the adjoint representations ad and Ad.
(b) Show that ad is the derived representation of Ad.
(c¢) Show directly that ad is a Lie algebra homomorphism.

5. Let G = SLy(C) and consider the action of G' on the space of smooth functions on
row vectors x € C? given by

(m(9)p)(x) = ¢ (xg) .

(a) Show that 7 defines a representation, i.e., m(gh) = 7(g)w(h) for g,h € G.
(b) Compute the associated derived Lie algebra action Dr for X = (31) € sly(C).

6. There is no question 6 on this paper.
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SECTION B

7. For n > 2, we let Dic, be the so-called dicyclic group. This is by definition the
group generated by two elements a and x subject to the relations

a’ =e, 2 =a", r ar = a7t

You may assume that Dic,, is a non-abelian group of order 4n and that every element
can be written uniquely in the form a’z? with 0 <7 < 2n and j =0, 1.

(a) Show that every irreducible representation of Dic, has degree at most 2.

(b) Use the ‘method of the abelian subgroup’ to explicitly construct all (equivalence
classes of) irreducible representations (p, V') of Dic,. (For convenience handle
the cases dim V' = 1 and dim V' = 2 separately). Write down the matrices p(x)
and p(a) explicitly. Check that your list is complete.

(¢) For n =3, write down the character table of Dic,,.

(Hint: we have w + w™!' = 1; w? + w2 = —1 for w = €™/3. You may initially
assume that a, a2, a®, z, ax lie in different conjugacy classes. After completing
the table explain why this is indeed the case. Then find the order of these
classes using the table.)

8. For an odd prime p, we consider the finite field IF, = Z/pZ. Recall all its (additive)
characters are given by v,(x) := 2>™@%/? with ¢ € F,. (Here we identify elements in
[F, with their preimage in Z).

Recall that the Heisenberg group H over I, is given as the set of triples (z,y, 2) € ]Fz
with the multiplication defined by

(r,y,2)- (2,9, 2) = (x+ 2y +v, 2+ 2 +xy —2'y).
For example, we have (—x,0,0) - (0,y,2) - (2,0,0) = (0,y,z — 2xy) and that the
center of H is {(0,0,2);z € F,}.

(a) State Mackey’s irreduciblity criterion for induced representations from a normal
subgroup.

(b) Let K = {(0,y,2); y,z € F,}, which you may assume is a normal abelian
subgroup of H of index p with left coset representatives {(z,0,0)}. Consider
for ¢ # 0 its one-dimensional representation 1, given by ¥;((0,y, 2)) := 1(2).
Use (a) to show that the induced representation Indj 1 is irreducible.

(c) Let (p,V) be an arbitrary representation of H. Assume that the restriction
Resg V to K contains the representation ¢}. Show (Indf- ), Vg > 1.

(d) Now assume that (p, V) is irreducible with central character vy, i.e., p(0,0, z)v =
e(z)v for all v € V. Note that V' must contain an eigenvector w under the
action of K: More precisely, (you may assume) there exists a k € I, such that

p(0,y, 2)w = Yr(y)e(2)w for all (0,y,2) € K.

Compute the action of (0,y, z) on w, := p(z,0,0)w and show that there exists
an x € I, such that

p(0,y, 2)w, = Pe(2)w, for all (0,y,2) € K.

In particular, Resg V' contains 1. Use (c) to conclude Indf ) ~ V.
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9. We define elements of sl (C),

~ 0 —1 1/1 4 1 /1 —i
() we () e )

(a) Show that H , X., and X_ satisfy exactly the same bracket relations as the
standard basis {H, X, Y} of sly(C).
Show by an explicit calculation that if in a representation (m, V) of sly(C) a
vector v is an eigenvector for H (“H-weight vector”) with eigenvalue (“EI—

weight”) A, then 7(X4)v is either zero or also an H-weight vector with H-
weight \ £ 2.

(b) Let F := C[z] be the (infinite-dimensional) C-vector space of polynomials in
one variable. We define operators on F by

77 d 1 1 1 d?
CU(H) =it W(X+) = 5’227 w(X?) = —5@

(So e.g., w(H)p(z) = 2p/(z) + +p(z).) Show that these operators preserve the
bracket relations and hence define a Lie algebra representation w of sly(C).
(The operator identities £z =1+ 22, j—;ZQ =2+4zL + 22% should help).
(¢) Find two linear independent lowest weight vectors (w(X_)p = 0) in F and their
ﬁ[—weights. Show that these vectors each generate an (infinite dimensional)
subrepresentation, say F; and JF, respectively, such that F = F; & Fs.
In particular, describe F; and F; and give their H -weight structure and the
action of X.

Finally, show that F; and F; are irreducible.

10. There is no question 10 on this paper.
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SECTION C

11. We let [, be the finite field with ¢ elements and let G = GLy(F,). We define
subgroups of G,

EDO01/2018

T=A{(§a);adel;}t, N={(§1);beF},  B={(§});adelF;,beF}

Note all characters, that is, one-dimensional representations of the abelian group T’
are given by (&9) — x1(a)x(d), where x; and x» are two (multiplicative) characters
of Fy¥. We define the associated one-dimensional representation p,, \, of B by

Pxioxe (6 Z)) = x1(a)xa(d).

Note that N acts trivially.

(a)
(b)
()

Set I(x1,x2) = Indg Pxixe- Use Mackey’s irreducibility criterion to show in
detail that I(x1, x2) is irreducible if and only if x; # xo.

Show that if x; = x2 =: X, then I(x, x) contains the one-dimensional repre-
sentation of G given by g — x(det(g)).

Let (V,m) be an arbitrary representation of G and consider
VN ={veV;r(n)v=vVnec N},

the subspace of vectors fixed by N. Assume V¥ #£ 0.

Show that V¥ is a representation of 7', that is, T preserves V. (The identity
(35)(29) = (59 (§°¥*) might be useful).

Conclude that V¥ contains a vector v on which the abelian group T acts by

7((29))v = x1(a)x2(d)v for some characters x1, x2 as above. Hence
m((§ ) v =x1(a)xa(d)v.
Assume (V, ) is an irreducible representation of G. Show that if V' is contained

in some I(x1,x2), then VY # 0. Conversely, if VY # 0, then show V is
contained in some I(x1, X2)-
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