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1. (a) Differentiate xexp(x) with respect to x.

(b) Find all real solutions x to tanh(ln(x)) = 1/2.

(c) Compute the following limits without using L’Hôpital’s rule

lim
x→∞

sin(x2)e−x lim
x→3

(x− 3)(x+ 8)

2x2 − 5x− 3

State clearly which theorems you have used here, if any.

(d) State the mathematical definition of continuity, i.e. what does it mean when
we say that a function f(x) is continuous at a point x = a?

(e) Let

f(x) =


x ln(x)

sin(πx)
for 0 < x < 1 and 1 < x < 2

c for x = 1

Determine c such that f(x) is continuous at x = 1.

2. (a) Compute the following definite integral∫ π/6

0

sin(x) cos(2x)dx

(b) Compute the following indefinite integral∫
x2 + x− 4

(x− 7)(x2 + 3)
dx

(c) Compute the following indefinite integral∫
x3

√
1− x2

dx

(d) Compute |w|, arg(w) and Im(w) for

w = exp
(

(
√

3 + 2i)eiπ/3
)
.

3. (a) If z = x+ iy find coefficients a, b and c such that

| sin(z)|2 = a cos2(x) + b sinh2(y) + c cosh2(y)

(b) Write
sin(4θ)

cos(θ)

as a polynomial in sin(θ).

(c) Find all solutions z such that sinh(z) = 3 cosh(z).

(d) Find all solutions z such that 4z5 + 8z3 + 5z = 0. Clearly state the number of
solutions you have found.
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4. (a) Explain what it means for a series to converge absolutely and to converge con-
ditionally.

(b) Determine whether the series
∞∑
n=0

ne−n
2

converges or diverges.

(c) Determine whether the series
∞∑
n=1

(−1)n ln

(
1 +

1

n

)
converges absolutely, con-

verges conditionally or diverges.

(d) Find the interval of convergence for the power series
∞∑
n=1

xn

7
√
n

for x ∈ R.

5. (a) Give the 3rd Taylor polynomial p3(x) and the corresponding Lagrange form of
the remainder for the function f(x) = sin(x) around the point x = 0.

(b) Give the Taylor series around the point x = 0 for the function ln(1 + x).

(c) Using the result in part(b), or otherwise, show that

(1 + x)
1
x = e ·

(
1− x

2
+

11x2

24

)
+ o(x2)

as x→ 0.

(d) Find the 3rd Taylor polynomial p3(x) of the function f(x) =
∫ x

0
(1 + t)1/tdt

around the point x = 0.

6. (a) Calculate the determinant of the matrix

A =


1 3 2 −1
0 1 2 −1
3 1 0 1
2 1 1 0

 .

(b) For which values of λ ∈ R does the following system of linear equations have
one solution, infinitely many solutions, or no solutions?

x+ λ2y + z = λ,

λx+ y + (λ− 2)z = λ,

x+ y + z = 1.
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7. (a) Let A =

 7 0 −3
−9 −2 3
18 0 −8

. Determine the eigenvalues and eigenspaces of A.

(b) Find the inverse of the matrix 3 2 1
2 1 1
2 0 3

 .

(c) Write the matrix A =

3 0 1
2 3 1
2 5 3

 as the sum of a symmetric and an anti-

symmetric matrix.
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