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SECTION A

(a) Let U C C be an open set. Define what it means for a function f : U — C to
be complex differentiable at a point 2y € U.

(b) State the Cauchy-Riemann equations.

(c) Let U = {z =x+iy € C : x > 0} be the right half plane. Consider the
function f : U — C defined by

1
flx +iy) = 5 log(x* + y?) + i arctan (g> .
X

Here log denotes the real logarithm. Use the Cauchy-Riemann equations to
determine the points zy € U where f is complex differentiable.

(a) Describe all the Mobius transformations that map the upper half plane H =
{z € C : Im(2) > 0} to itself.

(b) Find a M6bius transformation that maps H to itself and maps i to ¢ and —1+14
to 1+ 2.

(a) Let U C C, and {f,}32, be a sequence of functions f, : U — C. State the
M-test for the series Y 7, f,, to converge uniformly on U.

(b) Prove that for any r with 0 < r < 1 the series

o) n
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n=1

converges uniformly on {z : |z| <r} C C.

(a) Find all the zeros and poles, with their orders, of

z

f(z) =

~ sinz+cosz’
(b) Find the residue of f at each of its poles.

(a) State Liouville’s theorem.

(b) Let f be a holomorphic function on C — {0}. Show that f is bounded if and
only if f is constant. State clearly any results you use from lectures.

(a) State Cauchy’s Theorem for starlike domains.

(b) Let
fe) =+

be defined on C — {0}. Prove that there exists a holomorphic function
F:C—{0} — C such that F'(z) = f(z) for all z € C—{0}. State clearly any

results you use from lectures.
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SECTION B

7. (a) Explain why if f : D — C is a holomorphic function on a domain D with
flz +iy) = u(z,y) + iv(x,y), then u is a harmonic function.

(b) Let u(z,y) = e*xcosy — e’ysiny. Find a harmonic function v : C — R such
that f = u + dv is a holomorphic function on C.

(c) Let f =wu+iv be the function from part b). Calculate the complex derivative
1'(0).

8. (a) Find a Mdbius transformation taking the region Ri={z : |z| < 1,Im(z) < 0}

(the lower half of the unit disc) to the upper half plane H = {z : Im(z) > 0}.

(b) Find a conformal map that maps the region Ry to Ro = {z : |2| <1} — R«
(the unit disc with the non positive reals removed).

(c¢) Find the image of Ry under the principal branch of log.
9. For 0 < € < R, consider the closed contour
%,R=L2+a+L1+CR7

where L is the straight line running from —R to —e, a(ﬁ) =ece ¥ Oec|-70], L
is the straight line running from € to R, and Cr(0) = Re, 6 € [0, n].

[YE‘R g(z)dz.

(b) Show that limp_. [, ¢, 9(2)dz = 0. You may use results from lectures provided
they are stated clearly.

(a) Let g(z) = % Calculate

(c) Show that lim, . [, é. g(z)dz = —mi. Again, you may use results from lectures
provided they are stated clearly.

(d) By integrating g(z) over 7. g and using a), b) and c¢) show that

/ sin(x) P
0 x 2

10. (a) State Cauchy’s residue theorem for simple closed contours.
0

(b) By using the substitution z = €, or otherwise, evaluate the integral

2m 1
/0 1+ 30082(8)d6'
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