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SECTION A

1. (a) Sketch the three-dimensional vector field

A(x, y, z) = (x− 1)e1 + (y − 1)e2 + (z − 1)e3

in the z = 1 plane.

(b) Compute the divergence of A and comment on it in relation to your sketch.

(c) Compute the gradient, ∇f , of f(x, y, z) = x2 + xy + y2 sin z.

(d) In which direction is this function f increasing the fastest at the point (1, 1, π),
and what is the vector equation for the normal line to the surface defined by
f(x, y, z) = 2 at this point?

2. (a) Consider the transformation from polar coordinates (r, θ) back to cartesian
coordinates (x, y):

x(r, θ) =

(
x(r, θ)
y(r, θ)

)
=

(
r cos θ
r sin θ

)
.

By calculating the Jacobian J(x), show whether the transformation is orienta-
tion preserving or not.

(b) Let F (r, θ) = f(x(r, θ), y(r, θ)) where f(x, y) = e(x
2−y2). Use the chain rule to

calculate ∂F
∂θ

, expressing your answer in terms of r and θ only.

3. Let x be the position vector in three dimensions, with r = ||x||, and let a be a
constant vector.

(a) Using index notation, show that grad r = x/r.

(b) Using index notation, calculate the curl of (a× x/r2).

4. (a) Compute the double integral∫ π

0

∫ x

0

sin(x)

x
dy dx .

(b) The sine integral function Si(x) is defined by

Si(x) =

∫ x

0

sin(t)

t
dt .

By reversing the order of integration in part (a) and using a theorem the name
of which you should state, prove that∫ π

0

Si(y) dy = Aπ Si(π)−B

where A and B are two integers which you should determine.
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5. (a) Let u(x) be the vector field in R3 defined by

u(x, y, z) = 2xy sin(z) e1 + (x2 + 2y) sin(z) e2 + (x2y + y2) cos(z) e3 .

Find a scalar field f(x, y, z) such that u = ∇f .

(b) Using your answer to part (a) or otherwise, compute the line integral∫
C

u · dx

where C is the straight line running from the origin to the point (2, 3, 3π/2).

(c) Now let v(x) be the vector field

v(x, y, z) = 2xy sin(z) e1 + 2xy sin(z) e2 + x2y cos(z) e3 .

Is it possible to write v as v = ∇k for some scalar field k(x, y, z)? Justify your
answer.

6. By integrating both sides against an arbitrary test function, find the coefficients a,
b, c, d, g and h in the following generalised function identities:

(a) (x2 − 1)δ(x+ 2) = aδ(x− b) ;

(b) (x2 − 1)δ′(x+ 2) = cδ(x− d) + gδ′(x− d) ;

(c) δ(x/2) = hδ(x) .
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SECTION B

7. (a) Suppose f(x, y) is a scalar function on R2. State sufficient conditions for a
critical point a of f to be either (i) a local maximum, (ii) a local minimum,
or (iii) a saddle point of f , in terms of the 2 × 2 Hessian matrix, which you
should also define.

(b) Show that the function

f(x, y) = 8x4 − 6x2y + y2

has a unique critical point a0 and give a0.

(c) Show that in this case the Hessian is unable to determine whether the critical
point a0 is a maximum, minimum or saddle point.

(d) Show further that a0 is a local minimum of the restriction of f to any straight
line through a0.

(e) By considering suitably chosen quadratic curves through a0, show that, in spite
of the results of part (d), the point a0 is not a local minimum of f . Comment
on your answer.

8. Let f : Rn → R be a scalar function on Rn.

(a) Give the definition of the partial derivative ∂f
∂xi

at x = a as a limit.

(b) Suppose f is differentiable at a, so that v(a) exists such that

f(a + h)− f(a) = h · v(a) +R(h)

State how R(h) must behave as h→ 0 in order to complete the above definition
of differentiability.

(c) Using the definitions from part (a) and part (b), prove that v(a) = ∇f(a).

(d) What is meant by the statement that f is continuously differentiable at a point
a ∈ Rn? State (but don’t prove) a theorem relating continuous differentiability
to differentiability.

(e) The function g : R2 → R is defined by g(x, y) = (|x − 2| + 2)y. Determine
whether or not g is differentiable at the following points:

(i) (x, y) = (0, 0) , (ii) (x, y) = (2, 2) , (iii) (x, y) = (2, 0) .

In each case you should fully justify your claim.
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9. (a) State Stokes’ theorem.

(b) A surface S is specified by the equation

z = sin(x) cos(y) , 0 ≤ x ≤ π , 0 ≤ y ≤ π/2 .

Draw a rough sketch of S, and find a formula for the unit upward-pointing
(that is, with positive z component) normal n̂ to S at a general point on S.
(For the sketch, it may help to start by thinking what values z takes around
the boundary of S.)

(c) Without using Stokes theorem, compute the surface integral∫
S

∇× F · dA

where S is the surface defined in part (a) of this question, and F is the vector
field F(x, y, z) = z e1 + y e3 .

(d) Again without using Stokes’ theorem, evaluate the line integral
∮
C

F ·dx where
C is the boundary of S, taken anticlockwise when viewed from above, and F
is as in part (c).

(e) What is the value of
∮
C

G · dx, if C is the same curve as in part (d), and
G(x, y, z) = (y+ z) e1 + (x+ z) e2 + 2y e3? (Hint: consider ∇× (G−F) first.)

10. For t > 0 the temperature T (x, t) in a metal bar of length L satisifes the heat
equation

κ−2∂T (x, t)

∂t
=
∂2T (x, t)

∂x2
(t > 0 , 0 < x < L)

where κ is a constant. Note that κ is not necessarily equal to 1. The boundary
conditions are such that for all t > 0,

T (0, t) = T (L, t) = 0 .

Use the method of separation of variables to find a solution of this equation for t > 0
which satisfies

T (x, 0) = T0(x) =
3x

L

(
1− x

L

)
(0 < x < L)

at t = 0. Using your solution, show that as t→∞ the temperature at the mid-point
of the bar decays to zero as

T (L/2, t) ∼ α exp(−βt)

where α and β are two constants which you should determine.

If, rather than being an even function under x → L − x, the initial condition was
changed to be odd, so that T0(L − x) = −T0(x), what would you expect the value
of β to be? You do not need to give a detailed calculation, but you should justify
your answer.
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