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SECTION A

1. (a) Let r be a non-zero element of an integral domain R. Show that the function
f: R — R given by f(x) = rz is injective.

(b) Deduce that any finite integral domain is a field.
(c) Is the map f from part (a) always a ring homomorphism? If yes, provide a
proof, otherwise give a counterexample.
2. (a) Define what it means to be a unit in a ring.

(b) Show that the set of all units R* in a ring R forms a group under multiplication.

(c) Let R := Z[V17] = {a + b/17 | a,b € Z}, a subring of C. Show that the
principal ideal I = (4 — v/17) is the full ring R.

3. Factorize the following polynomials into irreducible factors.

) flz) =2 —x+4€(Z)7)[x].
b) f(x) = 2° + 2z + 32® + 32® — 62 — 3 € Q[u].
) flz) =2® —8z* + 16 € Q[z].
) State the Burnside lemma for counting the number of orbits of the action of a
finite group G on a finite set X.

(b) Compute the number of essentially different ways to colour in the faces of a
regular tetrahedron red, white and blue.

5. Consider the element o := (13)(5321)(42) € S;.

(a) Compute o'%. Justify your computation carefully.
(b) How many elements of S5 are conjugate to o7

6. For each of the following pairs of groups, are they isomorphic? Prove your assertion,
stating your reasons clearly.

(a) The direct product C5 x Cj of the cyclic group of order 3 with itself and the
cyclic group Cy of order 9.

(b) The quaternion group Qs and the dihedral group Dg, both of order 8.

(¢) The multiplicative groups R* = (R \ {0}, x, 1) and C* = (C\ {0}, x, 1).
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SECTION B
7. Let p be a fixed prime number and let R = {$ € Q | ged(b,p) = 1}.

(a) Show that R is an integral domain.
(b) Show that the map ¢: R — Z/p" given by § ab " is well-defined (i.e. does
not depend on the way to write a/b in R) and that ¢ is a ring homomorphism.

(c¢) Show that ¢ is surjective and express the kernel of ¢ as a principal ideal in R.
Give careful reasoning for each step.

(d) Express Z/p" as a quotient ring of R.

8. (a) State and prove Eisenstein’s criterion for irreducibility.
(Hint: You may reduce modulo a suitable prime.)

(b) Let R = Z[y/—13].

i. Considering decompositions of 14 or otherwise, show that 2 is irreducible
in R but not prime.

(Hint: You may use that the norm function N(a+ by/—13) = a® + 13b? is
multiplicative. )

ii. Prove that the principal ideal (2) C R is not maximal.

9. (a) If a finite group G has even order show there exists an element of order two.

(b) Let G be a group with ord(g) = 2 for all g # e. Show that G is abelian. (Hint:
consider ghg=*h™'.)

(¢) Let G be an abelian group. Show that {g € G | ord(g) < oo} is a subgroup.

(d) Let H and K be normal subgroups of a finite group G with H N K = {e}
and |H| - |K| = |G|. Show that G = H x K. (Hint: prove that (h,k) — hk
15 a bijective homomorphism from H x K to G. You may need to show that

hkh~lk L =e.)

10. You may use Q9 part (d) in this question.

(a) State the Sylow theorem.
(b) Suppose that m and n are coprime. Prove that C,, x C,,, & Cpp.

(c) Prove that every group of order 217 is cyclic. (Hint: what are the prime factors
of 2177 Show that G is a direct product of two Sylow subgroups.)
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