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SECTION A

1. (a) Find all n ∈ N such that ϕ(n) = 2, where ϕ is the Euler ϕ-function. (You
must justify that you have found all such n.)

(b) Find a solution x ∈ Z, 0 < x < 221 to the system of congruences

2x ≡ 5 (mod 13),

3x ≡ 7 (mod 17).

2. (a) Let m, n ∈ N. Show that

gcd
( m

gcd(m, n)
,

n

gcd(m, n)

)
= 1.

(b) Let a, b, n ∈ N and let d be a common divisor of a and b. Show that if a ≡ b
(mod n), then

a

d
≡ b

d
(mod n/ gcd(d, n)).

3. Let p be an odd prime.

(a) Give a proof of the result from the lectures that there are exactly (p − 1)/2
quadratic residues modulo p.

(b) Let a ∈ Z be such that p does not divide a. Show the result from the lectures
that 0, a, 2a, . . . , (p − 1)a is a complete set of residues mod p and use this to
evaluate the sum

p−1∑
i=1

(
ai

p

)
,

where
(

ai
p

)
is the Legendre symbol.

ED01/2019
University of Durham Copyright

CONTINUED



3 of 3
Page number

MATH2617-WE01
Exam code

SECTION B

4. (a) Evaluate the Legendre symbol
(

59
131

)
.

(b) Show that 5 is a quadratic residue (QR) modulo every prime of the form 10n+1
and that it is not a QR modulo every prime of the form 10n− 7, for n ∈ N.

(c) Let p be a prime of the form 8n + 1, n ∈ N. Show that the polynomial x8 − 1
divides the polynomial xp−1 − 1, that is, show that there exists a polynomial
g(x) such that

xp−1 − 1 = (x8 − 1)g(x).

Use this to prove that the congruence x4 ≡ −1 (mod p) has a solution x ∈ N.

(d) Let p be an odd prime which is not of the form 8n + 1 for any n ∈ N. Show
that the congruence

x4 ≡ −1 (mod p)

does not have any solution x ∈ N.

5. (a) Let g be a primitive root mod 17 and let i ∈ N be a number such that gi ≡ 13
(mod 17). Show that for any n ∈ N, we have gin ≡ 13 (mod 17) if and only if
in ≡ i (mod 16).

(b) Find a primitive root g mod 17 and a number i ∈ N such that gi ≡ 13 (mod 17).
Justify your answer.

(c) Find four distinct solutions x ∈ N with x < 17 to the congruence

x44 ≡ 13 (mod 17).

6. (a) Find natural numbers a and b such that∣∣∣√52− a

b

∣∣∣ < 10−6.

(b) Assume that x4 − y4 = 2z2 has a solution in natural numbers x, y, z. Show
that there exists a solution a4− b4 = 2c2 in natural numbers a, b, c such that a
and b are odd.

(c) Assume that a, b, c are as in the previous part. Show that there exists a solution
a4

1 − b4
1 = 2c2

1 in natural numbers a1, b1, c1 such that gcd(a1, b1, c1) = 1.
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