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SECTION A

1. (a) Let a : (a,b) — R? be a map. Define what it means for a to be a regular
parametrized plane curve. Define what it means for o to be parametrized by
arclength.

(b) Prove or disprove the following claim : “ «(t) = (2, 2t) is a regular parametrized
plane curve”.

(c) Define the curvature x(t) of a regular parametrized plane curve «(t).

2. Let a(t) = (t,t*,t* 4+ 1) be a space curve.

(a) Compute the curvature of o at p = (0,0, 1).
(b) Compute the unit normal vector N(0) of o at a(0).

3. (a) Give the definition of a regular surface S C R3.

(b) Let z : (0,27) x (0,1) — R3, x(u,v) = (v cosu,v sinu,v) and let S C R3 be
the image of x. Prove that S is a regular surface in R?.

4. Let S C R3 be a regular surface and let x : U — S be a regular parametrization of

S.
(a) Define the Gauss map on S, the Weingarten map at p € S, and define what it
means that p € S is elliptic/parabolic/hyperbolic.

(b) For which a > 0 are all points of S = {z? + ax3 = 1} C R3? parabolic ? Prove
yOur answer.

5. Let S = {z3 = 2% — zy79 + 223 } C R%.

(a) Show that S may be represented as f~'(b) for the regular value b of a smooth
function f. Give a regular parametrization z(u,v) of S and prove it has the
required properties.

(b) Compute the Gauss curvature of S at p=(1,1,2) € S.

6. Consider a regular surface S C R?® parametrised by = = z(u, v).

(a) Give the definition of a geodesic on a surface.

(b) Let S parametrized by x(u,v) = (u? — v* v,u). Show that SN {x; = 0}
contains a geodesic.

ED01/2019 CONTINUED
University of Durham Copyright



T e .~ - -7 1 Mo .. - 77—~ A
| |

Page number

3of3 l l MATH3021-WEO1 1

10.

EDO01/2019

Exam code

SECTION B

Let S1, S5 C R3 be two regular surfaces and F' : S; — S, be a map. Define what
it means that F is differentiable at p € S; and define dF'(p) : T,S1 — Tr()Sa.

Define what it means for F' as in (a) to be an isometry.
Let S; = Sy = {22 + 23 — 13 = 0} and F(xy, %9, 13) = (—x9, 71, 73). Prove that
and F': S; — S5 and that F is an isometry.

Let S C R? be a regular surface and z = z(u,v) : U — S a parametrization.
Define the second fundamental form /7 and the Gauss curvature K of S with
respect to x at p € S.

Let Z be another parametrization of S with second fundamental form I1. Use
the change of coordinates to express I in terms of I1.

Use (b) to prove that K = K.

Prove that the Gauss curvature of a ruled surface is nonpositive.

Let a be a regular parametrized curve in a regular surface S C R3. Define its
normal curvature k,(t) at the point a(t). Define all terms involved.

Let x(u,v) be a regular parametrization of S, and let I, I be the associated

fundamental forms, and «(t) = z(u(t),v(t)). Prove that x, = I]](SL,/’”%,)).

Let S = {x3+ 227 — 322 = 1}, a(t) = (t,—t,1+¢*) C S. Compute the normal
curvature k,(0) of a at the point «(0) using its definition in (a).

Let S,a be as in (c¢). Choose a parametrization x(u,v) of S and compute the
normal curvature ,(0) of @ at the point «(0) using the identity in (b).

Define what it means for a regular surface S to be compact and define the Euler
characteristic of S. Define the area form of a surface S with parametrization
x. State the Theorem of Gauss-Bonnet for a compact regular surface S.

Let S be as in (a) and assume that the Euler characteristic of S vanishes. Prove
that there exists a point p € S with K(p) = 0.

State the Theorema Egregium of Gauss. Define all notions that are involved.

Let S) = {z? —4ryw9 + 23 — 23 = 0}, Sy = {2? + 22 — 23 = 0} be two regular
surfaces. Use (c) to prove that there is no local isometry from S to Ss.
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