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SECTION A

1. Let p be an odd prime and ¢ = e>™/? a p-th root of unity.

(a) Show that the minimal polynomial of ¢ over Q is equal to
P(r)=aP 2P 2+ 41

(b) Write R for the ring of integers of Q(¢). Show that for all j =1,2,...,p—1
we have :
1—¢
1-¢

2. Given that the ring Z[i] is a Euclidean Domain, find the number of solutions (a, b)
with a,b € Z of the equation

€ R*.

a® + 0> = 2% x 3* x 377,

Carefully justify every step of your answer.
3. Let R =7Z[v-5].
(a) Let p C R be a non-zero prime ideal in R. Show that there exists a unique
prime p € Z such that p O (p)r.
(b) Find the inverse of the ideal I = (3,2 — /—5)g.

(c) With notation as above, is I a prime ideal? Justify your answer.

4. (a) Find the fundamental unit in Z[v/11].

(b) Let d € Z with d > 1. Prove that if 2 + yv/d € Z[V/d] is a unit such that
z +yvd > 1, then z > 0 and y > 0.

(c) Give formulae for the solutions (z,y) € Z X Z to z* — 11y*> = 5. (You may use
that Z[v/11] is a UFD.)

5. Let K = Q(v=23) and R = Ox. Let I, = (2,"252)p and I = (3, 52 .

(a) Compute the norm of the ideal I;.

) Show that [I;] = [I5]7! in the class group of R.
) Show that [I;] # [I5] in the class group of R.
)

6. (a) Let K be a number field of degree n = [K : Q] and A its discriminant. Show

that .
Al > (3) o

(b) Let K = Q(v/d), where d is a square-free integer. Show that the class number
hr is 1 when 2 < d < 5.

2n
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SECTION B

7. (a) Show that the ring Z[\/—2] is a Euclidean Domain.
(b) Let R be the ring of integers of a number field K. A function ¢ : R\ {0} - N

is called a Dedekind-Hasse function if for any non-zero elements a, b € R either
a € (b)g or there is a non-zero = € (a,b)r such that ¢(x) < ¢(b).

(i) Show that an R for which a Dedekind-Hasse function exists is a Principal
Ideal Domain.

(ii) Assume now that R is a Principal Ideal Domain and hence also a Unique
Factorization Domain. Define a function ¢ : R\ {0} — N by setting
o(u) = 1if uw € R* and ¢(r) = 2" if r = pipy- - p, where p; € R are
irreducible. Show that ¢ is a Dedekind-Hasse function.

(iii) Assume again that R is a Principal Ideal Domain. Show that the function
¢(r) == |Nkjqo(r)| (the absolute value of the norm) is a Dedekind-Hasse
function.

(Hint: Here you may want to use the fact that an r € R is a unit if and
only if Ng,g(r) = £1.)

8. Let K = Q(\/c_l) for some square-free integer d with d # 0,1, and write R for the
ring of integers of K.

(a) (i) Show that the norm of ideals of R is multiplicative, that is N(IJ) =
N(I)N(J) for non-zero ideals I, J C R.

(ii) Let p € Z be an odd prime and assume that d = m? # 0 (mod p) for some
integer m. Show that (p)z = pp with p # p, where p = (p,m — Vd)g.
(b) In the notation above we take d = —29.

(i) Find the number of ideals in R of norm equal to 33, and of norm equal
to 275. Justify your answer.

(ii) Are there any non-principal ideals of norm 337 If yes, then give such an
ideal by listing a set of generators for it.

9. (a) Let K = Q(#) where § € C is such that > — 0 —2 = 0. Compute the
discriminant of Z[f] and prove that Z[f] = Ok.
(b) Let p be an odd prime, ¢ = ¢?™/P a p-th root of unity, and X = Q(¢). Compute
the discriminant Ag.

10. Let K = Q(+/—17) and R = Ok.

(a) Decompose the ideals (2)g, (3)g and (5)g into products of prime ideals.
(b) Find all the ideals in R of norm at most 5.

) Show that the class number hg is at most 5.

)

(c

(d) Determine the class number h.
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