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SECTION A

1. Find the minimal polynomials over Q for:

(a) V1—V3:
(b) V3 + V7.
2. Find the Galois groups of the following polynomials from Q[X]:
(a) (X*—25)%
(b) X?® — 39X + 26.
3. Let ¢ € C be a primitive 25-th root of unity.

(a) Prove that ¢® is a primitive 5-th root of unity and find Gal(Q(¢)/Q(¢?)).

(b) Apply Kummer’s theory to prove the existence of A € Q(¢®) such that Q(¢) =
Q(¢®)(V/A). Find this element A.

4. Let K be a splitting field for X' — 2 over Q.

(a) Prove that K contains a primitive 11-th root of unity.
(b) Find the degree [K : Q] of K over Q. (Justify your answer.)
5. Let P = X° + X% + 1 € F,[X].

(a) Prove that P is irreducible.

(b) Let K = F4(0), where 0 is a root of P. Apply the Kummer theory to prove that
X3! — 0 € K[X] is irreducible.

6. Suppose L/K is a finite separable extension and E is a field between K and L.

(a) Prove that L/E and E/K are separable.

(b) Suppose K is a field of characteristic p, where p is a prime number and F' =
XP— X —a€ K[X]. If 0 is aroot of F prove that K(f)/K is separable.
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SECTION B

7. Suppose L is a splitting field for X* — 4X?2 + 11 € Q[X].

(a) Describe the structure of G = Gal(L/Q).

(b) Find all subfields K in L such that [L : K] =2 and K is Galois over Q.
(c) Prove that there are only 3 subfields E in L such that [E: Q] = 2.

(d) For each field E from c), describe the structure of the group Gal(L/E).
(

8. (i) Let L be a splitting field for (7° — 1)(T" — 1)(T'" — 1) € Q[T].
(a) Describe the structure of Gal(L/Q).
(b) Prove that there are only 7 subfields K in L such that [K : Q] = 2. List
all these subfields K.

(ii) Let ¢ be a 13-th root of unity in C.

(a) Find the degree [Q(¢ — (1) : Q).
(b) Prove that ¢ + ¢* +¢? + ¢ + (¥ 4¢3 = (—1 + V13)/2.

9. (i) Let E be a normal closure of Q(3/2, V/5).

(a) Describe the structure of the Galois group of E over Q. (You can use

without proof that v/5 ¢ Q(v/2).)
(b) Prove that v/7 ¢ Q(v/2,V/5).
(i) Let L =C(X) and K = C(Y), where Y = X3 + (1/X3) and X is a variable.
(a) Prove that L is Galois over K and Gal(L/K) = S; is the symmetric group
of permutations of 3 symbols.

(b) For any subgroup H of Ss find the corresponding subfield L. Let A3 be
the unique subgroup of order 3 in S;. Explain why there is A € L#* such
that L = L43(x/A). What is this element A in our case?

10. (i) Let C(t) be a field of rational functions in a variable ¢. Find all roots of the
polynomial
X'+ (£2/2) X% —tX + (t' +4)/16 € C(H)[X].
(ii) (a) Construct an irreducible polynomial of degree 32 in F;[X].
(b) Let L be a splitting field for X* + X3 + 1 € K[X]. Compute Gal(L/K)
for each of the following cases (a) K = Fy; (b) K =Fj; (¢c) K =Fy.

(c) How many monic irreducible factors does X' — 1 € F,[X] have and what
are their degrees?
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