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SECTION A

1. (a) Let G be a group acting on a set X. Give the definition of the orbit of an
element z € X under the action of G.

(b) Consider the Euclidean plane E? represented by complex numbers. Let G be
a group acting on E? and generated by elements g(z) = z + 1 and h(z) = iz.
Find the orbit of the point 1 4 ¢ under the action of the group G.

2. (a) Is it true that affine transformations act transitively on quadrilaterals in FE2?

Justify your answer.
(b) Let A;AyA3z be a triangle in E2. Denote Ay = Ay, A5 = Ay. Let By, i =1,2,3,

be a point on the line A;A;; such that |B;A;| = %|AiAi+1| and A; lies between
B; and A;yq. Similarly, let C;, ¢ = 1,2,3, be a point on the line A;A;,5 such
that |C;A;| = %]AiAi+2| and A; lies between C; and A; .
Show that the pOiIltS K= BlBg N 0103, L= BQBg N 0203, M = B1B3 N 0102
are collinear.

3. (a) Let ABC be a triangle in E?, and let M and N be the midpoints of AB and
AC respectively. Show that [MN| = 1|BC].

(b) Let ABC' be a triangle in S?, and let M and N be the midpoints of AB and
AC respectively. Show that [MN| > 3|BC].

4. (a) Let Cy, Cq, C3 be three mutually tangent circles. Is it always true that there
exists a fourth circle C, tangent to all three of Cy, Cy, C37 Justify your answer.

(b) Show that any four mutually tangent circles Cy, Ca, C3, C4 with C;NCoNC3NCy =
() can be taken by a Mobius transformation to some three mutually tangent
unit circles inscribed into another circle.

5. Let XY Z be an ideal triangle in H?2.

(a) Show that AXY Z has an inscribed circle.
(b) Find the hyperbolic cosine of the radius of the circle inscribed into AXY Z.

6. (a) Define the angle of parallelism in H?.

(b) Let m and n be two orthogonal lines in H?, denote O = m Nn. Let [; and
[3 be the two distinct lines orthogonal to m and intersecting m at distance a
from O. Let l; and 4 be the two distinct lines orthogonal to n and crossing n
at distance x from m.

Given a, for which values of x do the lines [y, [5, 3,14 compose a quadrilateral
having finite area?
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SECTION B

7. Let ABC be a triangle in H? (labelled clockwise) with angles «, 3,7 at A, B,C
respectively. Denote by Rx, a rotation around point X through angle ¢ in the
clockwise direction.

a) Let g = Ra924 0 Rpap. Find all the fixed points of g.

(a)
(b)
)
)

Find h = Ra2q © Rp s 0 Re 2. Does it have fixed points?
Now, consider ¢ = R4 40 Rpgo Rc,. Show that ¢ takes the line AC' to itself.

(c
(d) How many fixed points has the isometry ¢ introduced in part (¢)? Find the
order of .

8. Let A, B,C be points on the unit sphere S%. Suppose that B € Pol(A) and C €
Pol(B).

(a) Find ZCAB.
(b) Suppose that ZCBA = 3. Find the length AC.

(c) Let AA'B’C’ be a triangle polar to AABC. Given that ZCBA = [ < 7/2,
which of the triangles AABC and AA’B’C" has larger area?

(d) Let I C S? be a line, Dy, Dy € Pol(l) be the two distinct poles to [. Let & > 0,
and let Py, P, be two points such that d(P;,[l) < € for i = 1,2. Given a point
A € Pol(P,P,), is it true that for at least one of D; we have d(A, D;) < &7

9. (a) Which of the following statements are true? Justify your answer.

i) Projective transformations of RP? act transitively on pairs of projective
J Yy J
lines.
ii) Projective transformations of RP? act transitively on triples of projective
J y J
lines.

(b) The points Ay, As, Az, Ay lie on a line a in the Euclidean plane E?, and the
points By, By, Bs, By lie on a line b C E2, where a is not parallel to b. Assume
that all the four lines A;B;, i = 1,2,3,4 intersect at one point, denote the
intersection point by P. Let Q = A1Bs N B1Ay and S = A3B, N AyBs. Show
that the point a N b lies on the line QS.

(¢) Assuming that P = (1,0), By = (0,0), B, = (0,1), B3 = (0,2), B, = (0,3),
find the cross-ratio of the lines PBy, PBy, PB3, PBy.

(d) Formulate the statement dual to the one in part (b).
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10. The goal of this problem is to prove that if opposite angles of a hyperbolic quadri-
lateral are equal then there exists a rotation by 7 taking the quadrilateral to itself,
and hence its opposite sides are also equal.

EDO01/2019

(a)

Let [ be a line in H?, let P;, P, € [ be points and let X € [ N dH? be one of
the endpoints of [. Let Si, 55 be points lying in one half-plane with respect to
[ such that £S;P,X = £5,P,X. Show that the lines S; P, and Sy P, do not
intersect.

In the assumptions of (a), assume that P; lies between X and P, on [. Assume
that the line m through points S; and S, is ultra-parallel to [, denote by Y
the endpoint of m such that S; lies between Y and S;. Show that the angle
/Y S1 P is larger than the angle ZY Sy Ps.

Let ABCD be a quadrilateral in H?. Suppose that ZA = ZC = « and
/B = /D = 3. Show that the lines AB and C'D are ultra-parallel.

In the assumptions of part (c), show that there exists a point O such that a
rotation R, around O through 7 takes the quadrilateral ABC'D to itself.
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Formula sheet

Sine and cosine laws:

sine law cosine laws
g2 | sina _ sinb _ sinc cosa = cos bcos ¢ + sinbsin ¢ cos o
sina  sinf T siny cos v = — cos 3 cosy + sin Jsiny cos a
E2| -« =_b —_¢ a? =b*+c? — 2bccos
sin « sin 8 sin y

I2 | sinha _ sinhb _ sinhe cosh a = cosh b cosh ¢ — sinh bsinh ¢ cos «

sina " sinB T siny | cos v = — cos 3 cosy + sin B siny cosh a
Circles:
SZ E2 HZ
Circumference of a circle 2rsin R | 2nR | 27sinh R
Area of a disc 4 sinQ(g) TR? | Ax sinh2(§)

Angle of parallelism in hyperbolic geometry:
For a point on distance a from the line, the angle of parallelism ¢ satisfies

1
cosha

sinp =

Distance formula in the upper half-plane model of hyperbolic geometry:

ju—vf?

coshd(u,v) =1+ 2Im (u)Im(v)

Distance formula in the hyperboloid model of hyperbolic geometry:
2
For u,v € R*!, let Q = |—“%" | Then

(u,u)(v,v)

if (u,u) <0, (v,v) <0 then @ = cosh®d(pt,pt)
if (u,u) <0, (v,v) >0 then @ = sinh?d(pt,line)
if (u,u) >0, (v,v) >0 then Q <1 = intersecting lines, @ = cos®q;

@ = 1 = parallel lines;
@Q > 1 = ultraparallel lines, Q = cosh® d(line, line)



	MATH3201-WE01-go34-p1-M-v3-exam
	MATH3201-WE01-go34-p1-M-v3-additional

