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SECTION A
Use a separate answer book for this Section.

1. (a) Give the definition of a topological space. Explain what it means for a topo-
logical space to be Hausdorff.

(b) Show that if X is a Hausdorff topological space and p ∈ X then {p} is closed.

(c) Give an example of non-Hausdorff topological space X in which {p} is closed
whenever p ∈ X.

2. (a) State what it means for a topological space to be compact.

(b) Let f : X → Y be a continuous map between topological spaces X and Y , and
suppose that X is compact. Show that f(X) ⊆ Y is compact in the subspace
topology.

3. (a) Suppose X and Y are topological spaces and f : X → Y is a function. State
what it means for f to be continuous.

(b) Suppose X = {1, 2, 3} and Y = {A,B} are topological spaces with topologies
τX and τY given by

τX = {∅, {1}, {2}, {1, 2}, {1, 3}, X}

and
τY = {∅, {A}, Y }.

Find all functions f : Y → X which are continuous.

4. (a) State the definition of the Euler characteristic of a closed surface in terms of
graphs drawn on it, sketching the steps of the argument as to why the definition
is independent of the graph chosen.

(b) Let A and B be closed, triangulable surfaces, and denote by A#B their con-
nected sum. State and prove a relationship between the Euler characteristics
of A, B and A#B.

5. (a) Let (X, x0) be a pointed space. State the definition of the fundamental group
π1(X, x0), including the group operations.

(b) Now assume X is a metric space, with metric d : X × X → R. Define the
metric space ΩX as the set whose elements are maps f : [0, 1] → X with
f(0) = f(1) = x0 and metric D given by

D(f, g) = Supt∈[0,1]

{
d(f(t), g(t))

}
.

Prove that if π1(X, x0) is the group with one element then ΩX is path con-
nected.

6. Let ∆ be the space defined as the quotient of the solid triangle with vertices A, B

and C given by identifying the sides
−→
AB,

−−→
BC and

−→
AC (in those directions). Give

a triangulation of ∆ and use it to compute the fundamental group π1(∆), briefly
explaining your calculations.
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SECTION B
Use a separate answer book for this Section.

7. You may assume in this question that path-connected spaces are connected.

(a) Suppose X and Y are topological spaces with X connected and f : X → Y is
continuous. Show that f(X) is connected in the subspace topology.

(b) Show that the connected components of {0} ∪ {1/n : n = 1, 2, 3, . . .} ⊆ R are
those subsets containing single points.

(c) Consider the set
U = {(x, y) ∈ R2 : x > 0},

and the (clearly continuous) function m : U → R given by m(x, y) = y/x. For
n ≥ 1, let Ln ⊆ R2 be the closed straight line segment with endpoints (0, 0)
and (1, 1/n). Consider

C = {(1, 0)} ∪
∞⋃
n=1

Ln ⊆ R2.

Using m or otherwise show that if r > 0 and

p : [0, r]→ C \ {(0, 0)}

is continuous with p(0) = (1, 0) then p([0, r]) = {(1, 0)}.
(d) Hence or otherwise show that C is not path-connected.

8. (a) Let R+ be the topological group of positive real numbers with the group oper-
ation being multiplication. Show that

a · (x, y, z) = (ax, ay, az)

(where a ∈ R+ and (x, y, z) ∈ R3) defines a topological group action of R+ on
R3.

(b) Since the orbit of (0, 0, 0) under this action just consists of itself, we may
consider the action of R+ on R3 \ {(0, 0, 0)}. Show that the orbit space

(R3 \ {(0, 0, 0)})/R+

is homeomorphic to S2.

(c) Describe with justification all the open sets of R3/R+ which contain the orbit
of (0, 0, 0).
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9. (a) In this question we shall consider S1 to be the unit circle in the complex plane
S1 = {z ∈ C, |z| = 1}, and we recall that π1(S

1) = Z. If f : S1 → S1 is a map,
define the degree of f , denoted deg(f), to be the number f∗(1) ∈ Z = π1(S

1).
Suppose g is also a map S1 → S1. Compute the degree of the composite f ◦ g
in terms of deg(f) and deg(g).

(b) Let a : S1 → S1 be the antipodal map, given by a(z) = −z. Compute deg(a)
using any techniques from lectures you wish.

(c) By giving explicit maps α : C − {0} → S1 and β : S1 → C − {0}, prove that
C− {0} is homotopy equivalent to S1.

(d) Given a map γ : [0, 1]→ C− {0} with γ(0) = γ(1), define the winding number
w(γ, 0). Use your maps α and/or β to state a relationship between the notions
of winding number and degree, briefly justifying your answer.

(e) Compute the winding number about the origin of the map [0, 1] → C − {0}
given by t 7→ 4e4πit + e2πit.

10. (a) Recall that a closed surface is always compact, connected and without bound-
ary. State the classification theorem for closed surfaces.

(b) Explain what is meant by a non-separating closed curve in a surface S. Ex-
plain the process of surgery along a non-separating closed curve, and what
consequence this operation has to the Euler characteristic.

(c) Suppose S and R are closed triangulated surfaces and f : S → R is a simplicial
map with the property that for each n-simplex σ in R, there are exactly r
n-simplices in S which map to σ, each simplex mapping homeomorphically to
σ. We call such a surface S an r-fold covering surface of R. What can you say
about the relation of the Euler characteristics of S and R?

(d) Give examples of two (distinct) closed surfaces neither of which can have a
4-fold covering surface, using your answers to parts (b) and (c) to justify your
answers.

(e) Let S be a 2-fold covering surface of R, and f : S → R the associated map.
Suppose R and S are both orientable and that γ is a non-separating simple
closed curve in R. Let ψ be the set of points in S which map by f to the points
of γ, and suppose ψ is a non-separating simple close curve in S. If S ′ and R′

are the surfaces obtained by doing surgery along ψ and γ respectively, can S ′

still be a 2-fold covering surface of R′? Justify your answer.
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