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SECTION A

1. Consider the conservation law

{@u +ud,u =0, (z,t) e Rx[0,T), (1)

u(z,0) = arctan(z), = € R.
(a) Find the largest value of 7' > 0 for which the system (1) has a classical solution
u:Rx[0,T) - R;
(b) Give a sketch of characteristics for problem (1);
(c¢) Find an explicit equation for the function u which does not contain partial

derivatives.

2. Consider the conservation law

{&tu —sinud,u =0, (z,t) € R x Ry, )

u(z,0) =2+ %, v R

(a) Find the characteristics and sketch the solution u(x,t) at a time moment ¢ > 0.
(b) Based on the sketch conclude whether we may expect the existence of a classical
solution to problem (2) for all ¢ > 0.

3. Consider the 1st order scalar quasi-linear PDE

(3)

—x0,u + 2ydyu = —* — y?, (z,y) e Rx {y: y > 1},
u(x,1) =2% x €R.

(a) Write down the system of characteristic ODEs, including initial data, corresponding
to the problem (3);

(b) Find the solution u(z,y).
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4. Consider Poisson’s equation with Neumann boundary conditions:

—Au=f in Q,
Vu-n=g on 0,

where €2 C R” is an open and bounded set with smooth boundary, n > 2, and
n is the outward-pointing unit normal vector field to 0€2. The given data for the
problem are f: Q2 — R and ¢ : 92 — R, and the unknown is u : 2 — R.

(a) Prove that a necessary condition for the existence of a solution to (4) is

/fd:c+/ gdS =0.
Q 00

(b) Show that if we find one solution of (4) then we can derive infinitely many
solutions.

5. (a) If u is harmonic in || < 1, |y| < 1, and v = 2% + y? on the boundary lines
|z] =1 and |y| = 1, find lower and upper bounds for u(0, 0).

(b) Verify that
_4r 1y 2.2, 4
V=10 5(:5 6x°y” + 1)

is harmonic and that —0.025 < v — 1 — 2% < 0.025 when |z| < 1 and |y| = 1.

6. Let ® be the fundamental solution of Poisson’s equation in R3:

11

d(x)

(a) Let R > 0. Compute ||®| 11(5,(0))-
(b) Prove that ® € L] (R?).

loc
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SECTION B

7. (a) Give the definition of a weak solution to the problem

O+ 0,u® =0, (z,t) € R x Ry,
u(,0) = up(z), « € B,

where ug(x) € L*(R).
(b) Find a weak entropy solution to the problem (5), if

-1, x <0,
up(z) = {

0, x > 0.

(c¢) Find a weak entropy solution to the problem (5), if

0, z <0,
up(r) = {

-1, z > 0.
8. (a) Let {f.(z)}>°,, f(x) € D'(R). Explain what the following convergence means
fu(z) = f(z) as n — +o0 in D'(R);
(b) Let

0, z€ R\ [0, 1]

Prove that for any ¢ € D(R), such that ¢(0) # 0, we have ((f,)?, ¢) — oo as
n — 4090,

folz) = {n, r € [0,-],

(c) Does there exist a limit of (f,,(z))? in D'(R) as n — +o00? Justify your answer.
Hint: use (b).

(d) Prove that for any ¢ € D(R)
((fa)? = nd, ) — ¢/(0), as n — +o0,

where 0(z) is the Dirac delta function.
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9. Let u: R™ — [0,00) be harmonic and non-negative.

(a) Let ¢,y € R", R >r >0, and B.(x) C Br(y). Use a mean-value formula to
prove that

(b) Set r = R — | — y|. Show that B,(x ) C Bg(y) and compute

. |Br(y)
lim )
R—oo | B,(z)|

(c¢) Conclude that u is constant.

10. Assume that u € CYR)NLY(R)NL*(R), @ € L'(R), and v’ € L}(R)NL3(R). Recall
that

1/2
el ey = (lelaqay + I ey )
(a) Prove that

ol = / (1+ [€P)]a(e)]? de.

You can use without proof the fact that the Fourier transform preserves the
L?>norm: ||9|r2m) = ||v]|2w) for all v € L' (R) N L*(R).

(b) Prove that there exists a constant C' > 0 such that
@) < Cllullm @)

(c¢) Use the Fourier Inversion Theorem to prove that

[ull oo m) \/—HU”Hl(R

ED01/2019 CONTINUED
University of Durham Copyright



I 1 Me, . . - - - --T=======-=-- A
, Page number , Exam code

1 6 of 6 l l MATH4041-WEO1 1

SECTION C

11. (a) Compute (sign(sin(z)))’, where the derivative is understood in the sense of
distributions. Here
ign(z) 1, >0,
sign(z) =
& -1, z <0.

(b) Show that
|sin(z)|"” + | sin(z)| = 2 Z §(x — km),

where derivatives are understood in the sense of distributions.
Hint: first use chain rule to compute |sin(z)|’.

(c¢) Let u(z,t) = 0(z — at), where a € R is a constant. Show, using the definition
of the distributional derivative, that for any ¢(z,t) € D(R x (0,7)) (T > 0)
we have

T T
/ (Oyu, @) dt + a/ (Oru, @) dt = 0,
0 0

that is dyu + ad,u = 0 on R x (0,7") in the sense of distributions.
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