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SECTION A

1. The action for two real scalar fields () and ps(x) is given by

1 1 1 1
S = /d4l’{ - §m2s01(w)2 - §m2902(l“)2 ~3 L1 (7)Mo (1) — 3 o2 (1) 0" o ()

A (P@01(0) + ea(@)als)) (10 01(0) + )Pl ) | )

(a) Write the equations of motion for the fields o1 (z) and ps(x).

(b) Show explicitly that the action S is invariant under the transformation of the

fields

p1 — cosap; +sina s,

g — —sina g + cosa s,

where o = const, and derive the Noether current(s) associated with this sym-
metry.

Hint: In this whole question, it is convenient to first rewrite the action in the form
which is manifestly invariant under the given symmetries.

2. (a) Write the general statement of Wick’s theorem. Please explain the meaning
of each symbol which you use, and in particular give the definition of time
ordering and normal ordering of two operators.

Apply Wick’s theorem to the following expression
(0| (b1(21) 1 (w2) o (3) P2 (2:4)) |0)

where ngﬁl and Qgg are two independent fields.

(b) Starting with the expression for ¢;(x) (with i = 1,2) in terms of positive and
negative frequency parts ggi,i derive the expression which you have written in
the previous part. As in the lectures, when doing this you may assume without
proof that the commutators which you get give propagators.
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3. Figures A and B below show two Feynman graphs which originate from two different
theories.

Based on your general knowledge about Feynman graphs answer the following ques-
tions:

(a) At which order in perturbation theory do these graphs appear for the first
time?

(b) What are the symmetry factors of these graphs?

(¢) Write the interaction terms in the Langrangians for the two theories from which
these graphs originate. Use standard normalisation for the interactions.

(d) Assume that there are two different theories, such that the only interaction
vertex appearing in the first theory is the one in graph A), and the only inter-
action vertex appearing in the second theory is the one in graph B). For each
theory, state whether it is possible for a single incoming particle of one type
(species) to change to a single particle of another type (species), if you are
considering processes up to and including second order in perturbation theory.

In each case where your answer is yes, justify this by drawing at least one graph
which contributes to this process.
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4. Consider a relativistic particle whose spacetime coordinates are given in terms of a
parameter 7 as X*(7) . The action describing the particle’s motion is

1 ..
SIXH(T)] = 5 /dT (X“Xu —m? +z’e>
(a) Derive the equation of motion of the particle from this action and describe it

physically.

(b) Define the amplitude for a particle which is initially at space-time point X; to
be found at Xr to be

GX: XH) = /0 S ar / DX*(7) exp (%S[X“(T)])

where the path integral is over all paths X*(7) with X*(0) = X/ and X*(T) =
X1.. Explain carefully how this can be approximated as

[e.9]

G(Xf; X[) = lim dTC(N,A) / ‘X ... / d* Xy

0

. N
1 .
o e 5 (SO0 X (i), = Al i) )
k=1

You should define A but need not define C'(NV, A) here.

(¢) Thus obtain the Fourier transform of this amplitude

G(PF,P]) = /d4XFd4X[ G(XF,X]) exp%(PI.Xi + PFXF) s

defining C(N,A) in such a way as to ensure a finite result. What is this
amplitude called in quantum field theory?

Hint: You may use that [ exp(—ia(z —y)?)dz = /7 /ia in your derivation.
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5. Consider the generating functional

217 = [ Do e (35001 + [ deaoyoto))

for a free scalar field theory, with action
1
St =5 [ d'x6 @ m?)o.

(a) Rewrite Z[.J] in terms of ¢ = ¢ — [ d*yG(x — y)J(y) in order to complete the
square in the exponent. What equation must G(z — y) satisfy?

(b) Compute the correlation function

S B
Z[01 6. (x1) 0 (ws)

(P(x1)p(22)) = Z[J]]1=0

from Z[J] in terms of G(z — y).
(c) Compute

11@A/453 55 6

210305 ) VST 57 67w) 3 (ws) 21 N0

Z[0]3! b

from Z[J] (leaving your answer in terms of a single space-time integral involving
G(z —y)). Draw the corresponding Feynman diagram.

6. The Virasoro generators for the quantum closed relativistic string are given by

) 1L 0
Lm:§<z:a%—nan:n/i”)_aémao’

n=—oo
with a similar expression for L,,. Here & = a5 = \/a/ /2 p~.
(a) Write down the constraints involving Ly, and L,, and explain their origin in

words.

(b) Use the above constraints to show that the mass-squared operator is given in
terms of the number operators,

V — E :AM AV
N = al o M

n>1

(and similarly for N) by

Also show that there is a constraint

A
A =

0=N-N.

(¢) What is the mass of the vacuum and the first excited state (use lightcone
gauge)? How can this fix the value of a?
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SECTION B

7. An action for two free, real scalar fields ¢1(x) and po(z) is given by

1 1 1
5= [ate (= gmiette) - (0 eia) - grtde) - 30 n(a) ) @
@ =20,1,2,3 and this action is invariant under “rotations”

Y1 — cosa ) +sina s,

Yy — —sina ) + cosa P,

where o = const.

(a) Write down the classical charge @) associated with this symmetry, as well as
the quantum version of this charge.

(b) Work out the normal ordered expression for the quantum charge Q found in
the previous part.

¢) The normal ordered quantum Hamiltonian H for the action (2) is given b
g y
N d3
H:/(27r) o (apip + bpbp) @y = VPP

where &;), ap, IA)}), Bp are creation and annihilation operators for the fields ¢,

and py. Using this expression, compute explicitly the commutator [ﬁ , Q]
Explain what is the physical meaning of your result.

d) The quantum momentum operator for the system, in normal-ordered form, is
Y
given by

. d3p
— bt
) 3 7 p
P, = / (271') —=Di (CL CLp +b bp>

What is the value of the commutator []51, QP You do not need to do this
computation explicitly. Can you explain this result?
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8. The action for two real scalar fields ¢y (z), ¢2(x) is given by

S=— /d“x{% (Z Oupi(2)0Mpi() + Zm?%(xV) + Ap1(z)pa() + 3901(1‘)2} (3)

where \ is a real number, a coupling constant.

(a) Write down the Feynman rules for this theory in position and momentum space.
Write the integral expression for the Feynman propagators.

(b) List all the vacuum bubbles which appear in this theory up to and including
order A\2. You should draw all the graphs and write the expressions for these
graphs in position space. You do not need to evaluate any of the graphs.

(c) Write the general expression for the Dyson formula for two fields, explain why
this formula is very important and what are the limitations of this formula in
general. Please explain all the symbols which appear in the formula, and be
very precise about the difference between operators and bras and kets on the
left- and right-hand side of the formula.

(d) Evaluate the two-point correlators

(QT{p1(2)p2(y)}12) and  (QUT{e1 ()1 (y)}E)

up to and including second order in perturbation theory. Start by writing
the Dyson formula for two fields and show explicitly that all bubble diagrams
cancel out.
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2
me o, Ay
Tk
(a) What does the expression
| #eisas

I, =

/ ei%dg

represent physically?

(b) The Fresnel integral is given as

/e—ia¢2d¢ — ﬂ
\/ a

(which you can assume without proof).
Use this to compute Iy. What does this represent physically?

(c) Similarly compute the order A term to the series expansion of Iy.
(d) Compute the O(A¥) term to the series expansion of I, for arbitrary k.

(e) Show that the O(\*) term diverges for large k. Why is perturbation theory
still useful?

Hint: You may assume Stirling’s formula: k! ~ k% as k — oo.
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10. Consider the closed string action,
2m
Szi/di/ dov/—hh*P0,X"95X,, .
0

(a) Derive the equations of motion and the constraints from the above Lagrangian.
Hint: You may use without proof that 8}jiaﬁ\/—_ = —%hag\/—_h.
(b) In the flat gauge in world-sheet light-cone coordinates, o+ = 7 + &, the world-
sheet metric takes the form
h:<01>
1 0/)°

Derive the equations of motion and constraints in this gauge.

(¢) The generic solution to the equation of motion is given by X (o,7) = X (07)+
Xgr(o™) where

1 1 d 1 .
Xp = Ex“ + Eo/p“cr_ + 4/ % Zaﬁﬁe_”w

n#0
1 1 o |
B 2ol L 2o ptot ia ] GH— p—ino
XL—233 +2apa +1 QZanne .
n#0
Show that this solution satisfies the equation of motion and the periodicity
condition X#(o,7) = X*(0 + 27, 7).
(d) Show that the flat world-sheet metric is invariant under a generic transforma-
tion
ot =fi(e7), o =fA(o),
(where fi are two arbitrary functions) combined with a scale transformation.

(e) Consider the solution where all coefficients z#, p*, a#* = 0, except:

k —1
0 1 ~1 1 ~1
p=—, a=0]=—Q_]=—0_] = —F—
o \V2o!
1
2 ~92 2 ~92
o] =—a]=a,=—a, =

for some constant k. Substitute these values into the general solution, and
simplify the result for X(o,7) = Xy (o) + Xg(c™) (writing your result in
terms of cos T,sin 7, cos o, sin o).

(f) Check this solution satisfies the constraints for some value of k which you
should find, and describe this solution physically.

(g) Now consider a different solution where all coefficients x#, p*, o = 0, except:

, .
0 _ k 1 ~1 1 ~1 —1

P =— Q=0 =—0U =0 9=
o R /20/
1

V2! ’

for some constant &’. Simplify this result as in (e), find the value of &’ and
describe how the motion differs from the previous solution.

2 _ — — —
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