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SECTION A

1. Let S2 = {x ∈ R3 | ‖x‖ = 1} be the standard two-dimensional sphere, let RP 2 be
the real projective plane and π : S2 → RP 2 be the canonical projection, that is,
π(x) = Rx. Let

c : (−ε, ε)→ S2, c(t) = (
1

2
cos(t),

1

2
sin(t),

√
3

2
)

and

f : RP 2 → R, f(R(z1, z2, z3)) =
(z1 + z2 + z3)

2

z2
1 + z2

2 + z2
3

.

(a) Let γ = π ◦ c. Calculate γ′(0)(f).

(b) Let ϕ = (x1, x2) : U → R2 with U = {R(z1, z2, z3) | z1 6= 0} ⊂ RP 2 be the
following coordinate chart of RP 2:

ϕ(R(z1, z2, z3)) =

(
z2

z1

,
z3

z1

)
.

Express γ′(t) in the form

α1(t)
∂

∂x1

∣∣∣
γ(t)

+ α2(t)
∂

∂x2

∣∣∣
γ(t)
.

2. Let (M, g) be a Riemannian manifold of non-positive sectional curvature.

(a) Give the definition of a Jacobi field.

(b) Let J : [a, b] → TM be a Jacobi field along a geodesic c : [a, b] → M . Show
that non-positive sectional curvature implies

d

dt
〈D
dt
J, J〉 ≥ 0.

(c) Show that non-positive sectional curvature of M implies that M has no con-
jugate points.

3. Let M = {(x, y, z) ∈ R3 | z = x2 + 2y2} and X be a smooth vector field on R3 given
by

X(x, y, z) = (1 + 2y2,−xy, 2x).

(a) Show that the restriction of X to the manifold M is a vector field tangential
to M .

(b) A coordinate chart ϕ : U → V = (0, 2π)× (0,∞) of M is given by

ϕ−1 : (0, 2π)× (0,∞)→M, ϕ−1(α, h) = (h cosα,
1√
2
h sinα, h2).

Calculate f, g : V → R explicitly such that

X(ϕ−1(α, h)) = f(α, h)
∂

∂α
|ϕ−1(α,h) + g(α, h)

∂

∂h
|ϕ−1(α,h).
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4. Let H2 = {z = x+ yi ∈ C | y > 0} be the upper half plane model of the hyperbolic
plane with metric

gz(v, w) =
〈v, w〉
y2

, for all v, w ∈ TzH2,

where 〈·, ·〉 is the standard Euclidean inner product. Let c : [a, b]→ H2, c(t) = ti.

(a) Calculate the length L(c).

(b) Let γ : [α, β] → H2 be another smooth curve with γ(α) = ai and γ(β) = bi.
Show that L(γ) ≥ L(c).

5. Let G be a Lie group and Lg : G → G be defined by Lg(h) = gh for all g, h ∈ G.
Recall that a vector field X on G is called left invariant if DLg ◦X = X ◦Lg for all
g ∈ G, that is, for all g, h ∈ G,

DLg(h)(X(h)) = X(Lg(h)) = X(gh).

(a) Let F : M → N be a smooth map between the manifolds M,N , v ∈ TpM and
f ∈ C∞(N). Show that we have

(DF (p)(v))(f) = v(f ◦ F ).

(b) Let X be a left invariant vector field on G. Using (a), show that we have the
following identity in C∞(G) for all g ∈ G and all f ∈ C∞(G):

X(f ◦ Lg) = (Xf) ◦ Lg.

6. (a) Give the definition of an affine connection ∇ on a smooth manifold.

(b) Let∇1 be an affine connection on a smooth manifold M . Show that∇2, defined
by

∇2
XY = [X, Y ] +∇1

YX

for any pair of smooth vector fields X, Y on M , is also an affine connection.
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SECTION B

7. Let (M, g) be a Riemannian manifold and f ∈ C∞(M). Let ĝ be a second Rieman-

nian metric on M given by ĝ = ef · g. Let ∇ and ∇̂ be the Levi-Civita connections
associated to the metrics g and ĝ, respectively.

(a) Let ϕ = (x1, . . . , xn) : U → V (with U ⊂ M and V ⊂ Rn open) be a local
coordinate chart of M . Show that

∇̂ ∂
∂xi

∂

∂xj
= ∇ ∂

∂xi

∂

∂xj
+

1

2

(
∂f

∂xj

∂

∂xi
+
∂f

∂xi

∂

∂xj

)
− 1

2
gij
∑
k

(∑
l

gkl
∂f

∂xl

)
∂

∂xk
.

(b) Let M = H2 = {(x, y) ∈ R2 | y > 0} with the identity map as a global
coordinate system. Let g, ĝ be the following two Riemannian metrics on M :
gij = δij, that is, g is the standard Euclidean metric and ĝij = 1

y2
gij, that is, ĝ

is the hyperbolic plane metric. Use (a) to calculate

∇̂ ∂
∂x

∂

∂x
, ∇̂ ∂

∂x

∂

∂y
, ∇̂ ∂

∂y

∂

∂x
, ∇̂ ∂

∂y

∂

∂y
.

Hint: You may use without proof that

∇ ∂
∂x

∂

∂x
= ∇ ∂

∂x

∂

∂y
= ∇ ∂

∂y

∂

∂x
= ∇ ∂

∂y

∂

∂y
= 0.

(c) Let (M, g) be a Riemannian manifold and ĝ = C · g with C > 0. Use (a) to
show that

K̂(Σp) =
1

C
K(Σp),

where K and K̂ denote the sectional curvatures of a 2-plane Σp ⊂ TpM with
respect to the metrics g and ĝ, respectively.
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8. Let S2 = {(x, y, z) ∈ R3 | x2+y2+z2 = 1} and ϕ−1(α, β) = (sinα sin β, sinα cos β, cosα),
α ∈ (0, π), β ∈ [0, 2π] be a coordinate chart. Fix α = π/6 and consider the closed
curve

c(t) = ϕ−1(π/6, t), t ∈ [0, 2π],

and the vector field

X(t) = a(t)
∂

∂α
|c(t) + b(t)

∂

∂β
|c(t)

along c.

(a) Calculate the first fundamental form gij of this coordinate chart and show that

∇ ∂
∂α

∂

∂α
= 0, ∇ ∂

∂α

∂

∂β
= ∇ ∂

∂β

∂

∂α
=

cosα

sinα

∂

∂β
, ∇ ∂

∂β

∂

∂β
= − sinα cosα

∂

∂α
.

(b) Calculate the solution of the equation

D

dt
X(t) = X(t), X(0) = c′(0).

Hint: You may use sin(π/6) = 1/2 and without proof that the solution of(
a′(t)
b′(t)

)
=

(
1 c1
−c2 1

)(
a(t)
b(t)

)
,

(
a(0)
b(0)

)
=

(
a0

b0

)
for c1, c2 > 0 is given by

(
a(t)
b(t)

)
=

 et cos(
√
c1c2t) et

√
c1
c2

sin(
√
c1c2t)

−et
√

c2
c1

sin(
√
c1c2t) et cos(

√
c1c2t)

(a0

b0

)
.
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9. (a) Let SL(n,R) = {A ∈M(n,R) | det(A) = 1}. Show that

TIdSL(n,R) = {C ∈M(n,R) | tr(C) = 0}.

Hint: You may use without proof that, for every smooth curve A : (−ε, ε)→
GL(n,R) = {A ∈M(n,R) | det(A) 6= 0}, we have:

(detA)′(t) = (detA(t)) · tr(A−1(t)A′(t))

and that dimSL(n,R) = n2 − 1.

(b) Let G be a Lie group with a bi-invariant Riemannian metric 〈·, ·〉 and X, Y, Z
be left invariant vector fields on G. Derive from the identity

∇XY =
1

2
[X, Y ], (1)

that

R(X, Y )Z =
1

4
[Z, [X, Y ]].

Hint: You may use (1), Jacobi’s identity and the fact that Lie brackets of left
invariant vector fields are again left invariant without proof.

(c) Assume that X, Y are orthonormal. Using (b), show that the sectional curva-
ture of the planes Σh, spanned by X(h), Y (h) ∈ ThG, is given by

K(Σh) =
1

4
‖[X, Y ]‖2.

(d) The tangent space TIdO(n) = {X ∈ M(n,R) | X> = −X} can be canonically
identified with the Lie algebra of left invariant vector fields on O(n). We define
a bi-invariant metric 〈·, ·〉 on O(n) via

〈X, Y 〉 =
1

2
tr(X>Y )

and the Lie bracket by
[X, Y ] = XY − Y X.

Show that

X =

 0 1 0
−1 0 0
0 0 0

 ∈ TIdO(3) and Y =

0 0 −1
0 0 0
1 0 0

 ∈ TIdO(3)

are orthonormal in TIdO(3) and calculate the sectional curvature of the planes
spanned by X, Y .
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10. Let M = R2 be equipped with the Riemannian metric

g(x,y)(v, w) =
4

(1 + x2 + y2)2
〈v, w〉 for all v, w ∈ T(x,y)M,

where 〈·, ·〉 denotes the Euclidean inner product.

(a) Let f : S2\{(0, 0, 1)} → M be the stereographic projection from the standard
unit sphere S2 ⊂ R3. That is: For (z1, z2, z3) ∈ S2\{(0, 0, 1)}, let (x, y, 0) ∈ R3

be the intersection point of the straight Euclidean line through (0, 0, 1) and
(z1, z2, z3) with the horizontal coordinate plane. Then we define f(z1, z2, z3) =
(x, y). Show that

f(z1, z2, z3) =

(
z1

1− z3

,
z2

1− z3

)
.

(b) Show that the inverse map f−1 is given by

f−1(x, y) =

(
2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
,
x2 + y2 − 1

x2 + y2 + 1

)
.

(c) Let z = (z1, z2, z3) ∈ S2\{(0, 0, 1)} and v = (v1, v2, v3) ∈ TzS
2\{(0, 0, 1)}.

Show that

Df(z)(v) =
1

(1− z3)2
((1− z3)v1 + z1v3, (1− z3)v2 + z2v3) .

Let z = (1, 0, 0), v = (0, v2, v3) ∈ TzS2\{(0, 0, 1)} and (x, y) = f(z). Calculate
w = Df(z)(v) and show that

〈v, v〉 = g(x,y)(w,w),

where 〈·, ·〉 is the Euclidean inner product and g(x,y) is given at the start of the
question.

(d) We equip S2\{(0, 0, 1)} with the Riemannian metric induced by the Euclidean
inner product in R3. Using the fact that f : S2\{(0, 0, 1)} →M is an isometry
(you do not need to prove this), decide whether (M, g) is geodesically complete
and justify your answer.
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