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Q1 1.1 Without using Taylor series or L’Hopital’s rule, calculate the limit
r—06
m-—.
e—=6 \/8x +1—7
1.2 Use Taylor series to calculate the limit

. 2sin(3x) — 6z cos(x?)
lim — .
2—0 sin(2x3) — xlog(1 + x2)

1.3 Give an example of a function f(x) that satisfies all of the following conditions:
f(z) is continuous at = = 1,
f(z) is not differentiable at z = 1,
f(x) is not continuous at = = 2.
You don’t need to prove that your function satisfies these conditions.

Q2 2.1 Prove that |cosz —1+1z% <2 forall z € [0,2)].

2.2 Solve the initial value problem,
1
5

9
—y+a'y' =0, y(1) =

/
y+3x

Q3 For x > 0, find the general solution y(z) of the ordinary differential equation

62x
y' Ay +dy = —
A

2 4
/ — L
9 1 + esmha}

4.2 Let D be the triangle in the (x,y) plane with vertices (0,0), (—1,2), (1,2).

Calculate the double integral
/ / ¥’ dzxdy.
D

Q5 The function f(x) has period 2, that is f(x+2) = f(x), and is given by f(z) = 1+=x
for -1 <x < 1.

Q4 4.1 Calculate the integral

5.1 Calculate the Fourier series of f(x).

5.2 By evaluating the Fourier series at x = %, calculate

m+1

Z 2m—1

m=1
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Q6 Let f(z,y) be a differentiable function on R%. A change of coordinates (z,y) — (u,v)

is given by
r = \uv, y_\/ga
v

where z, y, u and v are all positive. By expressing v and v as functions of x and
y, use the chain rule to find expressions for f, and f, in terms of f,, f,, v, and v.

Show that ) ) ) )
of of of of
2 ZJ 2 ~J — 2 “J 2 ZJ

v (8) Y (ay> 2u (au) 2 (a) |

Q7 Find and classify the stationary points of the function
f(z,y) = 29* — 4oy + 3z + 2°.

Q8 Consider the differential equation.

d?y

8.1 Explain what is meant by a reqular point of a differential equation. Which
points are regular?

8.2 A series solution for the equation takes the form y(xz) = >~ a,z". Derive a
recurrence relation for the coefficients a,,.

8.3 Show that the equation admits a solution P,,(z) which is a polynomial of order
m in the case that A = m(m — 1), and find explicit expressions for P,(x) and
P3 (IL‘)

Q9 A one-dimensional bar of length 7 lies along the z-axis between x = 0 and x = 7.
The temperature in the bar T'(z,t) obeys the heat equation
8_T = k282_T
ot ox?’
The ends of the bar are insulated so that 7,(0,t) = T,(w,t) = 0.

9.1 Show that -
T(x,t) = ag+ Z an cos(m:)e_"%%
n=1
satisfies the heat equation and the boundary conditions at x = 0 and = = 7.
9.2 If at t = 0, the temperature in the bar is given by

_J 0 for0<x<m/2
T(x,O)—{l form/2<x<m

find the temperature T'(z,t) by calculating a,, in the above Fourier expansion,
and write down explicitly the first three non-zero terms in the expansion.
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Q10 The function 0(x,t) satisfies
00  9°0
ot dr?
The Fourier transform of # is defined by

H(k,t):/ ek (x, t)dr.

[e.o]

10.1 Use the differential equation to obtain #(k, ) in terms of its initial value 6(k, 0).
10.2 If 6(k,0) = e ** find 6(z, t).

(You may use the result
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