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Q1 1.1 Show that a Möbius transformation that is not the identity has at most 2 fixed
points in C ∪ {∞}.

1.2 Suppose that T =

(
a b
c d

)
∈ SL2(R). Show that if |a + d| < 2, then the

associated Möbius transformation MT has exactly one fixed point in
H = { z ∈ C : Im(z) > 0}.

1.3 State Rouché’s Theorem.

1.4 Show that the polynomial z5 + 15z + 1 has precisely four zeros (counted with
multiplicity) in the set { z : 3

2
≤ |z| < 2}.

Q2 2.1 State the Cauchy-Riemann equations for a function f : U → C on an open set
U ⊂ C, where f = u + iv and u and v are real-valued functions on U . Prove
that if f is complex differentiable on U then the Cauchy-Riemann equations
hold at each point z0 ∈ U .

2.2 Prove that if f is an entire function, and g(z) = f(z), then g is complex
differentiable at z0 if and only if f ′(z0) = 0.

2.3 Let f be an entire function. Prove that if g(z) = f(z) is also entire, then f is
constant.

Q3 3.1 Let (X, dX) and (Y, dY ) be two metric spaces. Prove that f : X → Y is
continuous if and only if for every open set U in Y , f−1(U) is open in X.

3.2 Let Arg : C − {0} → R be the principal value of the argument, i.e., taking
values in (−π, π]. Using the standard metrics on C − {0} and R, show that
Arg is not continuous.

3.3 Let Log : C− {0} → C be the principal branch of logarithm defined by

Log = log |z|+ iArg(z).

Considering that Arg(z) = Im(Log(z)), show that Log is not continuous with
respect to the standard metrics on C−{0} and C. You may use that Im : C→
R is a continuous function.

Q4 4.1 State and prove Liouville’s theorem. You may use Cauchy’s Integral Formula
in the proof.

4.2 Suppose that f : C → C is an entire function. Let g(z) = f(1
z
). Prove that if

g has a pole at 0 then there is z0 ∈ C such that f(z0) = 0. You may assume
that g is holomorphic on C− {0}.

Q5 5.1 State Cauchy’s residue theorem for simple closed contours.

5.2 Let DR(t) = exp( 2πi
2020

)(1 − t), t ∈ [0, 1] and LR(t) = t, t ∈ [0, 1]. Let f(z) =
1

z2020+1
. Show that ∫

DR

f(z)dz = − exp

(
2πi

2020

)∫
LR

f(z)dz

5.3 Let CR(z) = e2πiθ, θ ∈ [0, 1
2020

]. By integrating f(z) along the wedge-shaped
contour ΓR = LR + CR +DR, or otherwise, evaluate the integral∫ ∞

0

1

x2020 + 1
dx.
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