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Q1 1.1 Explain what it means for a floating-point number to have (i) a finite precision
and (ii) a finite range.

1.2 A student tried to use bisection in Python to solve f1(x) = x − 1 = 0 and
f3(x) = x3 − 3x2 + 3x − 1 = 0, both with initial interval [−1, 2]. With f1 he
obtained 1.0 (the exact answer), while with f3 he obtained 1.0000038146972656.
Explain why f3 gives a worse result, and how it relates to 1.1.

1.3 Seeking instead to find the roots of f1(x) = x and f3(x) = x3, should we expect
similar results (in terms of accuracy of the answer)? Justify your answer briefly.

Q2 2.1 Determine the orders of convergence of the following sequences (all converging
to 0): xn = (n!)−1, yn = 2−3n

and zn = 5−n2
. Justify your answers briefly.

2.2 Show that the iteration xk+1 = cosxk is a contraction mapping in some interval
I ⊂ [1

2
, 1], and give one such interval.

2.3 Show that the same iteration xk+1 = cosxk is in fact convergent for all x0 ∈ R.

Q3 Given f(x) = 7 cos2(πx/2), we seek a p ∈ P4 such that p(−1) = f(−1),
p′(−1) = f ′(−1), p(0) = f(0), p(1) = f(1) and p′(1) = f ′(1).

3.1 Compute the divided difference table using the usual Newton interpolation
construction, i.e. with [a, a]f := limy→a[a, y]f = f ′(a), and write down p(x).

3.2 Determine whether the resulting p is unique. Justify your answer.

3.3 Show that one has the error formula

f(x)− p(x) =
(x2 − 1)2x

5!
f (v)(ξ)

for some ξ(x) ∈ [−1, 1].

Q4 4.1 Compute a quartic least-square approximation p4(x) to f(x) = cos(πx) for
x ∈ [−1, 1]. Evaluate all integrals, but leave the final linear system unsolved.

4.2 Continuing from 4.1, show that, for any n ∈ N, one can obtain a least-square
approximation pn ∈ Pn by showing that the linear system has a positive-
definite matrix and is thus uniquely solvable.

Q5 5.1 Show that the degree of exactness of the quadrature formula

Q2[f ] =
b− a

6

[
f(a) + 4f

(a+ b

2

)
+ f(b)

]
in [a, b] is exactly 3.

5.2 Show that, for n odd, the degree of exactness of the n-node closed Newton–
Cotes formula is at least n (instead of n− 1).

5.3 Compute a set of polynomials {φ0, · · · , φ3} orthogonal in [0, 1].

5.4 Compute xj and ρj that give the highest accuracy for the quadrature formula∫ 1

0

f(x) dx ' ρ1f(x1) + ρ2f(x2) + ρ3f(x3).

5.5 For which f is your formula exact?
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