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Q1 Consider a system described by the Lagrangian

L =
1

2
(q̇2

1 + q̇2
2)− 1

2
(q2

1 + q2
2) .

1.1 Write down the Hamiltonian H for this system.

1.2 Show that the Poisson bracket satisfies

{qi, qj} = {pi, pj} = 0

and

{qi, pj} =

{
1 if i = j ,

0 if i 6= j .

1.3 Consider the function Q = q1p2 − q2p1 in phase space. Show that the Poisson
bracket {Q,H} vanishes. Why does this imply that Q is conserved?

Consider now a one-dimensional quantum mechanical system. At t = 0 it is prepared
in a state described by the wave function

ψ(t = 0, x) = C

(
1√
2
ψE=1(x) + eiαψE=2(x)

)
,

where the wave functions on the right-hand side are orthonormal energy eigenfunc-
tions. Both C and α are real constants.

1.4 Determine the constant C.

1.5 An energy measurement is made. What are the possible outcomes, and what
are the probabilities of those outcomes?

1.6 Subsequently, the position of the particle is measured. What do you know
about the wave function of the system immediately after this measurement?
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Q2 Assume that we have a field u(x, t) with Lagrangian density L(u, ux, ut), where
ux = ∂u

∂x
and ut = ∂u

∂t
, and action

S =

∫
dxdtL(u, ux, ut) .

2.1 Show, using the stationary action principle (that is, δS = 0 to first order in
δu around a solution of the equations of motion), that u(x, t) obeys the Euler-
Lagrange equation

∂L
∂u
− ∂

∂x

(
∂L
∂ux

)
− ∂

∂t

(
∂L
∂ut

)
= 0 .

(You can assume that δu = 0 for the boundary terms in the integral computing
the variation of the action.)

2.2 Consider the case that L = 1
2
u2
t − 1

2
u2
x. Write the Euler-Lagrange equation for

this system, and D’Alembert’s general solution to it.

2.3 Consider now the case that the Lagrangian density L(u, ux, ut, uxx) depends
also on uxx = ∂2u

∂x2 . Using the stationary action principle, show that the Euler-
Lagrange equation that governs the dynamics in this case (again assuming that
δu = δux = 0 for the boundary terms in the integral computing the variation
of the action) is

∂L
∂u
− ∂

∂x

(
∂L
∂ux

)
− ∂

∂t

(
∂L
∂ut

)
+

∂2

∂x2

(
∂L
∂uxx

)
= 0 .

2.4 We will consider the special case

L(u, ux, ut, uxx) =
1

2
uxut + u3

x −
1

2
u2
xx .

Derive the equations of motion for this system.

2.5 Assume that a solution of the form u(x, t) = f(x− t) exists, for some function
f(ξ) of one parameter. Which differential equation must f(ξ) satisfy so that
f(x− t) is a solution of the equations of motion for this system?
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Q3 The energy for a system with Lagrangian L(q1, . . . , qn, q̇1, . . . , q̇n, t) is defined to be

E =

(
n∑
i=1

q̇i
∂L

∂q̇i

)
− L .

3.1 Show, using the Euler-Lagrange equations of motion, that

dE

dt
= −∂L

∂t
.

3.2 Compute the energy associated to the Lagrangian

L =
1

2

(
n∑
i=1

Ki(q1, . . . , qn, t)q̇
2
i

)
− V (q1, . . . , qn, t)

with Ki and V arbitrary functions.

3.3 We now restrict to the case that Ki and V depend only on time and the
differences of positions

(d1, d2, . . . , dn) = (q1 − q2, q2 − q3, . . . , qn − q1) .

In other words

Ki(q1, . . . , qn, t) = Gi(d1, . . . , dn, t) ; V (q1, . . . , qn, t) = W (d1, . . . , dn, t)

for some functions Gi and W . Identify a symmetry of the system, and write
the Noether charge Q associated to it.

3.4 Verify explicitly, taking the time derivatives, that the charge Q you just found
is constant along a solution of the Euler-Lagrange equations.

Q4 This question concerns a quantum mechanical particle in the potential

V (x) =


0 , x ≤ 0 ,

V0 , 0 < x < L ,

0 , x ≥ 0 .

Consider the wave function given by

ψ(x) =


eikx +Re−ikx , x < 0 ,

A+Bx , 0 < x < L ,

Teikx , x > L ,

with k =
√

2mV0/~2 and complex constants A,B,R and T .

4.1 Show that the wave function given above is an eigenfunction of the Hamiltonian
Ĥ = p̂2

2m
+ V (x). Determine the energy eigenvalue of this wave function.

4.2 How will this wave function change when the energy is increased?

4.3 What are the boundary conditions on ψ(x) at x = 0 and x = L?

4.4 Use the boundary conditions to determine |R|2 and |T |2 in terms of k and L.

4.5 Discuss the limits kL→ 0 and kL→∞ by interpreting the constants R and T .
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Q5 The simple harmonic oscillator is given by the Hamiltonian

Ĥ =
p̂2

2m
+

1

2
mω2x̂2 .

5.1 Show that

ψ0(x) =
(mω
π~

)1/4

exp
(
−mω

2~
x2
)

is an eigenfunction of the Hamiltonian with eigenvalue 1
2
~ω.

In order to generate other wave functions, we can use the following operators

â =
1√

2~mω
(mωx̂+ ip̂) , â† =

1√
2~mω

(mωx̂− ip̂) .

5.2 Show that ψ0(x) is annihilated by â, that is, show that âψ0(x) = 0.

5.3 Show with an explicit computation that

[â, â†] = 1 .

5.4 Argue based on this result that it is therefore possible to generate an infi-
nite series of new energy eigenfunctions by acting repeatedly with â† on the
ground state wave function ψ0(x). What is the energy eigenvalue of those wave
functions?

5.5 Now compute explicitly
ψ1(x) = â† ψ0(x) ,

and also write down ψ1(t, x).

Finally, consider a special wave function which satisfies

â χ(t, x) = αe−iωtχ(t, x) .

where α is a real constant.

5.6 Show that the expectation value of the position operator in the state corre-
sponding to χ(t, x) is given by

〈x̂〉 =

√
2~α2

mω
cos(ωt) .
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