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Q1 1.1 Let R be an integral domain and let a, b ∈ R satisfying a3 = b3 and a5 = b5.
Prove that a = b.

1.2 Let R = Z[
√
−13] := {a + b

√
−13 : a, b ∈ Z} ⊂ C be an integral domain.

Throughout, you may use that the map N : R→ Z : N(a+b
√
−13) = a2+13b2

is multiplicative, i.e., N(xy) = N(x)N(y) for any x, y ∈ R, and the fact that
the only units in this ring are ±1.

(i) Prove that 2 is an irreducible element of R but is not a prime.

(ii) Prove that gcd(14, 7 + 7
√
−13) does not exist in R.

(iii) Prove that the quotient ring R/(2) has four elements.

(iv) Is R/(2) isomorphic to either Z/4 or Z/2× Z/2 as a ring?

Q2 2.1 Prove that given any a, b ∈ Z, the polynomial x2+āx+b̄ is reducible in (Z/5)[x]
if and only if there is an integer y ∈ Z satisfying y2 ≡ a2 + b mod 5.

2.2 List all pairs ā, b̄ ∈ Z/5 such that the polynomial x2 + āx + b̄ is irreducible in
(Z/5)[x].

2.3 Factor x4 + x3 + x2 − 3x+ 1 into irreducibles in (Z/5)[x].

Let f(x) = x4 + x3 + x2 − 3x+ 1 in Q[x].

2.4 Show that f(x) has no roots in Q.

2.5 Prove that f(x) is irreducible in Q[x].

Q3 3.1 Let R = (Z/2)[x]/(x2 + x+ 1̄).

(i) Without a proof, list all the elements of R.

(ii) Give addition and multiplication tables for R.

3.2 Prove that there is no non-trivial homomorphism ϕ : Z[
√

2] → Z/5, between
the rings Z[

√
2] and Z/5.

3.3 Let

σ =

(
1 2 3 4 5 6 7
3 2 5 4 6 1 7

)
, and τ =

(
1 2 3 4 5 6 7
2 1 5 7 4 6 3

)
be permutations in S7. Write σ and τ as products of disjoint cycles and com-
pute στ . Also compute στσ−1 and its order as an element of S7.

3.4 Let (3 7) ∈ S7. Find x, y, z, w ∈ {1, 2, . . . , 7} such that

(3 7) = (3 1 2 7)(3 1 7 2)(x y z w).

Moreover, show that a transposition (a b) ∈ Sn, n ≥ 2 can never be written as
a product of two cycles of length three.
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Q4 4.1 Let C = 〈x〉 be a cyclic group of order 48, written multiplicatively. Find
the positive integers a such that there exists a surjective homomorphism ϕa :
Z/48→ C with

ϕa(1̄) = xa.

4.2 Find all generators and all subgroups of (Z/13)×.

4.3 Find the centre Z = {g ∈ D4 | gx = xg ∀x ∈ D4} of the dihedral group D4.

4.4 Determine the order of every element in the quotient group D4/Z.

Q5 5.1 Determine (up to isomorphism) all abelian groups of order 360. Show the
details of your work and justify every step of the solution.

5.2 Determine all the conjugacy classes in the dihedral group D7. Show the details
of your work and justify every step of the solution.

5.3 Let G be a finite group. Show that the function f : G → G, f(g) = g−1,
defines a bijection from the set X = {g ∈ G | g2 6= 1} to itself. Use this to
prove that if G has an even number of elements, then there exists an element
x ∈ G of order 2. You may not use Cauchy’s theorem.

ED01/2020
University of Durham Copyright

END


