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SECTION A

Q1 1.1 Let Un be the n-component unlink. State the values of n ≥ 1 for which Un is
tricolorable

1.2 Denote by K1 the following oriented knot.

Using tricolorability, show that there does not exist an oriented knot K2 for
which K1 +K2 = U1.

1.3 Calculate the Alexander-Conway polynomial of the following knot. Do not
assume knowledge of Alexander-Conway polynomials for links other than un-
links.
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Q2 Consider the unit circle S1 in C.

2.1 Let γ(z) : S1 → S1 represent complex conjugation; that is γ(z) = z for z in S1.
Show that the winding number w(γ) of γ is −1.

2.2 Given any non-zero continuous map f : S1 → C, recall that we may define a
map γ(z) : S1 → S1 by

γ(z) = γf (z) =
f(z)

|f(z)|
.

For the following functions f determine whether this γ is well-defined and, if
so, compute the winding number w(γ). You may find it useful to recall that
for any two continuous functions γ : S1 → S1 and δ : S1 → S1 we have

w(γδ) = w(γ) + w(δ); w(γ ◦ δ) = w(γ)w(δ).

(i) f(z) = z(z2 + i
2
);

(ii) f(z) = z + z;

(iii) f(z) = z3 − z2 + 1
2
z.

2.3 Let γ0, γ1 : S1 → S1 be defined by

γ0(z) =
z2 + 1

9∣∣z2 + 1
9

∣∣ ; γ1(z) =
(1 + i)z2(z − 2i)√

2 |z − 2i|
.

Find a continuous map H : S1 × [0, 1] → S1 such that H(z, 0) = γ0(z) and
H(z, 1) = γ1(z) for all z in S1.
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SECTION B

Q3 3.1 For n ≥ 1, let n be part of a link diagram defined as follows:

1 = and for n > 1 let n =
n−1

.

Use induction to show that for n ≥ 1

〈
n

〉
= A−n

〈 〉
+

n−1∑
k=0

(−1)n−1−kA3n−2−4k
〈 〉

.

3.2 Denote by Ln the following link. Use part 3.1 to calculate the bracket polyno-
mial of Ln (you need not group the terms).

n

3.3 Define the X-polynomial of an oriented link diagram in terms of the bracket
polynomial, and calculate the X-polynomial of Ln.

3.4 Calculate the Jones polynomial of L3.
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Q4 4.1 Let K be the following knot.

(i) Use Seifert’s algorithm on K to draw a Seifert surface.

(ii) Determine the genus of the resulting surface, and hence identify it.

4.2 Let D be a knot diagram and let D′ be a knot diagram obtained from D by

changing a crossing of the form to a crossing of the form .

(i) Briefly explain why applying Seifert’s algorithm to both diagramsD andD′

will give rise to surfaces of the same genus.

(ii) Show that changing a crossing on the standard diagram for the Trefoil
leads to a diagram of the unknot. Hence, explain how one can draw a
diagram of the unknot such that Seifert’s algorithm produces a surface of
genus 1 when applied to this diagram.

(iii) For every n ≥ 2 give a diagram of the unknot such that Seifert’s algorithm
produces a surface of genus n when applied to this diagram.

Q5 5.1 Determine the index of the following singularity. Justify your answer.

5.2 Draw a sketch of a planar vector field with exactly one singularity of index −3
and explain why it is indeed of index −3.

5.3 Let S be the 2-torus with one open disc removed. Draw a vector field on S
which points outward along the boundary and which has only finitely many
singularities. Calculate the sum of the indices of this vector field.

5.4 Suppose T is a compact connected orientable surface without boundary. Sup-
pose also that there is a vector field on T with exactly three singularities, each
of the same index. What are the possible values of the genus of T?

5.5 Does there exist a vector field on the surface of genus 3 with exactly four
singularities such that two are of index 1 and two are of index −2? Justify
your answer.
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