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Q1 1.1 In a similar way as for Pythagorean triples, find a formula giving exactly those
primitive triples (X,Y, Z) € (Z>0)3 such that Y is even and

X?24+5Y2=2%.

[Hints:

e You may want to determine the parity of X and of Z under the given
assumptions.

e You may want to determine possible common divisors of X427 and X —Z.

e Your formula should depend on two parameters. You will also need to give
appropriate parity and divisibility conditions.]

1.2 Show that 194-4+1/—5 may be expressed as a product of two irreducible elements
of Z[/—5].

1.3 Show that there is no solution in integers other than (x,y, z) = (0,0,0) to

21t + 3y11 =621,

Q2 2.1 Find the fundamental unit of Z[v/41]. Find formulas for all the solutions in
integers, if any, to
2 —41y* = —1.

2.2 How many principal ideals in Z[v/—13] are there of norm 1197
2.3 Show that for an integer m =2 (mod 3), the number

m— /2
V3
is an algebraic integer.
2.4 Let K = Q(0) where 0 is a root of f(X) = X* +2X% 1.
Find the degree n = [K : Q| and the discriminant Ax({1,6,...,0""'}) and

write down a basis for K over Q.
Compute the norm Ng (2 — 6?) and the trace Trx (1 — 560 — 36?).
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Q3 3.1 Define the term Fuclidean function for an integral domain S.

3.2 Show that O_;; possesses a Euclidean function.
3.3 Show that 2 is irreducible in O_;.
3.4 Show that for a € O_;; such that aa = 4N for some N € Z-y, we have

a € Zv-11].
3.5 Give, in terms of a, b, ¢ € Z~g, a formula for the number of solutions (X,Y)
in positive integers X, Y to the equation

X2 +11Y2%2=2232519°

in the case where a, b, ¢ are even.

Q4 Justifying carefully your method, find all the solutions (X,Y) € Z? to

X24+35=Y3.

[You may assume that the class number of Q(v/—35) is 2.]

Q5 Determine the size and structure of the ideal class group of Q(v/—53). (Justify your
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answer. )

[You may use the Minkowski bound, given by By = (%)t:—i\/\A k| in the usual
notation, but you should give the definition of the invariants ¢, n and Ag used in

this formula.|
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