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Q1 1.1 Consider the observables A and B acting on a two dimensional Hilbert space
which have the matrix forms

A 1 2 A a 3
i=(u7) e=(53)

with a and b real numbers.

(i) Find the condition that a and b have to satisfy so that A and B admit a
common eigenbasis.

(ii) What are the possible outcomes in a measurement of A?

(iii) The observable A is measured and the result of the experiment is the
highest value possible. If B is measured right after, what would be the
possible outcomes of the measurement and with what probability? Express
your answer in terms of the constant a.

1.2 The potentials for two different one-dimensional quantum systems are shown
in the figure below:

N bumps

A quantum particle propagates in one dimension under the influence of these
potentials. Answer the following questions:

(i) Is the energy eigen spectrum of the particle in the first potential discrete
or not? If only part of the spectrum is discrete, explain when this happens.

(i) What happens with the spectrum of the particle in the first potential in
the limit when N, the number of bumps, goes to infinity, i.e. when the
potential in which the particle propagates becomes periodic?

(iii) Is the energy eigen spectrum of the particle in the second potential discrete
or not? If only part of the spectrum is discrete, explain when this happens.

(iv) For the particle in the second potential, sketch the wave function for a
highly excited particle of energy E. Please indicate where the probability
to find the particle is the smallest and where is it the largest and write down
the equations which give the points z; and x5 where the wave function
changes its behaviour.
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2.1 Show that

for all positive integers n.

2.2 Suppose that f(z) is a function admitting a Taylor expansion around z = 0.
By using the result of 2.1, evaluate the commutator

A

F(A).B] .

in terms of A and the function f(z) (or its derivatives) evaluated at = = A.

2.3 Suppose that | A) is an eigenvector of B with eigenvalue A. Construct an
ordinary differential equation that the function f,(z) must satisfy in order to

~ ~

guarantee that f,(A) |\) is also an eigenvector of B with eigenvalue A + g.

2.4 Solve the ordinary differential equation that you found in 2.3 in order to find
the most general form of f,(z)

x).
2.5 Consider the case where f,(0) = 1. What condition should be imposed on A
in order for the operator f,(A) to be unitary when ¢ is real?

EDO01/2020 CONTINUED
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Q3 The Hamiltonian of a Quantum Mechanical system takes the form

~

H=w((a'a)® +a'a),

with [@,a'] = 1 and w > 0. A complete set of Hamiltonian eigen states {|n) ,n € N}
is given by |n) = ¢, (a")" | 0), for some constants of normalisation ¢, and a |0) = 0.

3.1 Use the form of the Hamiltonian eigen states | n) to find the corresponding
eigenvalues F,, of the Hamiltonian.

3.2 Fix the normalisation constants ¢, so that the eigen states |n) are normalised,
provided that |0) is.

3.3 Write the most general state |t)y) which can only yield the results 0 and 2w in
an energy measurement with equal probability.

3.4 Consider the state |1g) that you found in the previous question as the initial
state and write down the time evolved state |1 (1)).

3.5 For any positive integer m we can define the operator C, = (ahH)m + za™,
with z a complex number. For what value of z can Crn represent a physical
observable? For that value of z, compute the expectation value (C’m> when
the system is in the time dependent state [¢(¢)) that you determined in 3.4.
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Q4 A particle is placed in a spherically symmetric potential given by

0, 0<r <Ry,
V('I"): ‘/07 R1<TSR27
o, r> Ry,

where 72 = 22 + 9% + 22 and 1} is a positive constant.

4.1 Write down the ansatz for the wave function (r, 0, ) which is adapted to
the symmetry of the problem. By separation of variables, write down the
Schrodinger equation as a system of two equations, one for the radial part and
one for the angular part. In order to do so, you will need the expression for
the Laplacian in spherical coordinates

210 (50 14
v r20r T@T 7"2L7

where L is the coordinate representation of the angular momentum in three
dimensions.

4.2 Given that the potential is piece-wise constant, your wave function will be
different in the three regions (0 < r < Ry, Ry <r < Ry, r > Ry). Write down
the boundary and gluing conditions which the wave function has to satisfy in
these three regions.

4.3 Simplify the radial part of the Schrodinger equation by using the following
ansatz for the radial function, R(r)

4.4 Focus on the ground state of the system, and by solving the radial part of
the Schrodinger equation find the general form of the wave function. Explain
how the equation which fixes the energy of the ground state follows from the
boundary and gluing conditions. You do not need to derive this equation.
Assume also that the energy of the ground state is smaller than Vj .
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Q5 The simple harmonic oscillator (SHO) in four dimensions (four spatial directions
(z,y,2z,w) and time) has Hamiltonian given by

ED01/2020

B 1 . IR B K, . 2 A .
Hoz§(p§+p§+p§+pﬁ,)+§(x2+y2+z2+w2),

where x > 0 and is perturbed by the Hamiltonian

A~ Oé/\ N
H/:§I2+§y2,

where o > 0, 8 > 0 are small constants.

5.1

5.2

5.3

5.4

Write down the ground state and all first energy eigen states of the unperturbed
system (a = 3 = 0). Write down the generic n-th energy eigen state in the
spectrum (you do not have to normalise it). What is the energy of this n-th
energy eigen state?” What is the degeneracy of this n-th eigen state?

Apply first-order perturbation theory to compute the shift to the energy of the
ground state, when o # 0, 3 # 0.

Apply first-order perturbation theory to compute the corrections to the en-
ergy of the first excited states, when o # 0,8 # 0. What is the effect of
the perturbation H’ on the degeneracy of the spectrum of the unperturbed
Hamiltonian?

By treating Hy + H' as the new Hamiltonian, write down the exact expression
of the energy of the first excited state of this new Hamiltonian. By first excited
state we mean any state for which the total number of excitations is one.

Hint: When computing shifts in energy you can use the following formula
which holds for creation and annihilation operators of the simple harmonic

oscillator # = A(a, + al) where A% = h/(2\/k).
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