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The following conventions hold in this paper

e 7 denotes the additive group of all integer numbers with the discrete topology.
e R denotes the space of all real numbers with the standard topology.

e C denotes the space of all complex numbers with the standard topology.

e R™ denotes the real n-dimensional space with the standard topology.
Q1 1.1 Define d: R x R — [0, 00) by

x|+ x
d(as,y)Z{‘ |0|y| xig .

Show that d is a metric on R, and decide whether the topology induced by d
agrees with the standard topology on R.

1.2 Let X = {1,2,3}. Decide which of the following topologies on X are connected.
Justify your statements.

(1) n ={0,{1,2},{1,2,3}}.
(i) = ={0,{2},{1,2},{2,3},{1,2,3}}.
(iii) 75 = {0, {1,2}, {3}.{1.2,3}}.
You can assume that these are indeed topologies.
1.3 Let A and B be finite one-dimensional simplicial complexes. Explain how to

make A X B a two-dimensional simplicial complex. Use this to derive a formula
relating the Euler characteristic of A, B and A x B.

1.4 State, without proof, the Euler characteristic of S'. Use your formula in (1.3)
to compute the Euler characteristic of the torus.

1.5 Show that a finite tree is a contractible space. You may assume without proof
that every finite tree with at least two vertices has a free verter, i.e. a vertex
that belongs to a single edge.
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Q2 Let N={ne€Z|n > 1}. For n € N define
1 2 1\’
Xn:{($,y)€R2 (——Z’) +y2:(_) }7
n n
1 ? 1\’
Yn:{('xay)ERQ (——Z') +y2§(_) }7
n n

Zn:X1UUXnUYn+1

and

2.1 Show that each Z,, is connected and compact. Clearly state any results from
the lectures that you use.

2.2 Let . .
X=X, and Z={)%.
n=1 n=1

Show that X = Z, and that X is connected and compact. Again state any
results from the lectures that you use.

2.3 Let
W ={(z,y,n) € R*| (2,9) € X1,n € N},

and let V' be the quotient space W/~ where ~ is the equivalence relation on
W given by

(i) (z,y,n) ~ (z,y,n) for all (z,y,n) € W, and
(ii) (0,0,n) ~ (0,0,m) for all n,m € N.

Show that V' is connected and construct a bijective map f: V — X. Justify
why f is continuous.

2.4 Decide whether your f in (2.3) is a homeomorphism.
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Q3 3.1 State the definition of a topological group G, and the action of a topological

3.2

3.3

Q4 4.1

4.2

4.3

Q5 5.1
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5.2
5.3

group GG on a topological space X.
Recall that
S'={z€eClzz=1}

with complex multiplication is a topological group, where z denotes complex
conjugation. Show that S* acts on

SS = {(Zl, ZQ) € CQ ’ ’21|2 + ’22’2 = 1}
via
2+ (z1,20) = (221, 229)
for 2 € St and (21, 22) € S3.
Let F': S — C x R be given by

F(z1, 22) = (22120, |Z1|2 — |22|2).
Show that the image
F(8%) = 8% ={(z.,t) e Cx R||2* + * = 1},

and that F induces a well defined map f: S%/S!' — S? which is a homeomor-
phism.

Let X and Y be topological spaces. State the definition of a homotopy equiv-
alence between X and Y. Let p be a point in X. State the definition of the
fundamental group (X, p).

Let X,Y C R3 be two solid tori intersecting at exactly one point p € X NY
and consider their union X UY C R3. Compute 7 (X UY,p). Justify your
conclusions stating all the necessary results from the lectures without proof.
You may use without proof the fundamental group of the circle.

Let X be a path connected topological space and let p, ps be two points in X.
Show that 71 (X, p1) is isomorphic to 7 (X, ps).

Let M, N be two compact surfaces without boundary. State the definition of
the connected sum M#N of M and N.

Show that the Euler characteristic of the two-dimensional sphere is 2.

Let M be a connected compact surface without boundary. Show that, if M is
orientable, then x(M) = 2 — 2g, where g is the number of torus summands in
the connected sum decomposition of M given by the classification theorem for
closed connected surfaces. Justify your conclusions stating all the necessary
results from the lectures without proof.
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