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The interest rate is 1/2. Answer the following questions and show your work.

(i) Calculate the martingale probabilities along the edges of the tree.

(ii) Consider the contingent claim X = min{S, S1, S2}. Calculate the arbitrage-
free price of X at every node of the tree.

(iii) Explain in words the meaning of the arbitrage-free price of X at the node
with 80.

1.2 (i) State the It6 isometry for a general It6 integral.

In the next two parts of this question, (});>0 is a Brownian motion.

(ii) Using question 1.2(i) and the moment generating function of the normal
distribution, or otherwise, compute E [( fol v/ cosh W, th)Z} :

(iii) Let I = fo W, dt. Show that E[I?] = fo fo (W Wy|dsdt.
Hence find Var(7) and Cov({, Wl)

Q2 Consider the following contingent claim. There is a stock whose value at time ¢ is
S;. You have the option, but not the obligation, to buy 2 units of this stock for K
units of money at time ¢.

2.1 Consider a T-period Binomial market (B, S;) with interest rate r and no ar-
bitrage. Let X be the value of the contingent claim above at expiry time T
Show, with appropriate explanation, that X = (257 — K),.

2.2 Consider the American option for exercising the contingent claim above, which
means you can exercise it at any stopping time 7 with 0 < 7 < T'. Prove that
the arbitrage-free price of this contingent claim with the American exercising
option is the same as its arbitrage-free price with the European exercising
option.
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Q3 Consider a 1-period market M = (B, S}, S?) such that

[ BO =1 and Bl = 11,
e (S},82) = (10,20) and (S7,5%) has the following joint distribution:

(15,21)  with probability 0.5,
(S1,S1) = < (10,22.5)  with probability 0.25,
(10,22.2) with probability 0.25.

A portfolio for this market is a vector h = (z,y,2) € R? and its value is V}* =
B, + yS} + 252 for t = 0,1. The market contains arbitrage if there is a portfolio
h such that (i) V' = 0, (ii) V{* > 0 almost surely and (iii) V{* > 0 with positive
probability.

3.1 Prove this market contains no arbitrage.

3.2 Consider a contingent claim X = F(S},5%). Show that there is a portfolio h*
such that V¥ = X almost surely. (You need not find h* explicitly but you
must justify why such an h* exists.)

3.3 Prove that the arbitrage-free price of X at time 0 is V{*".

Q4 4.1 State [t0’s Lemma for f(t, X;) where f is smooth and (X;);>¢ is an It6 process.

ED01/2020

Consider an It6 process (X;);>o with X; > 0 satisfying the following stochastic
differential equation (SDE) involving the constant parameter ¢ > 0:

X():O, dXt:Cdt—i—\/Xtth, tZO
4.2 Let k be a positive integer. Apply It6’s Lemma to find an SDE of the form
A(XF) = axF 't + X YHaw,, ¢ >0,

for constants a, b, depending on ¢ and k, that you should determine.
4.3 Use your SDE from question 4.2 to explain why E(X}) = a [ E(X*1)ds.

4.4 Use the formula from question 4.3 and mathematical induction to show that
k—1 j
E(X[) =t" = ).
oxty =TT (e+3)
7=0
4.5 If (Wy)i>0 is Brownian motion, write down an SDE for Y; = in.

Use the earlier parts of this question to deduce E(W2*) for positive integer k.
Hence, without doing any further calculations, if Z ~ A(0, 1), what is E(Z*)?
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Q5 Consider a Black—Scholes market with risk-free asset given by B, = e, r > 0, and
. . . : 1 o2
two risky assets with evolution given by Sy’ = 5;” = 1 and

dstV = juSVdt + o1 SPAW, and  dSP = pe SV dt + 005 AW,
Here pu1, p9, 01, 09 are positive constants, and
W =w,, and W = oW, +/1— p2W/,

where p € (—1,+1) is constant and W;, W/ are independent Brownian motions
under the real-world measure P.

For y e R, let R, = St(l) (St(z))W.

5.1 Using Ito’s formula, derive SDEs for Lgl) = log St(l) and L,@ = log St(Q).
5.2 Using question 5.1, or otherwise, write down an SDE for log R;. Deduce that

th = Mtht + O'thWtH,

where W/ = aW; + 1 — o2W/, and p, 0, and « are constant functions of py,
l2, 01, 09, p, and 7 that you should determine.

5.3 If Q is a measure under which e " R, is a martingale, find an expression for
QRr >0 | F), 0 <t <T, in terms of the standard normal cumulative
distribution function.

Consider the contingent claim X = @(Sfl), SP) = 1{S§1) > 259)}.

5.4 Use your answer to question 5.3 to find II,(X) = C(t, St(l),SfQ)), the no-
arbitrage price of X at time ¢ € [0, 1], in terms of a function C(t, z,y) that you
should determine. In particular, using also, where necessary, your formulas for
p and o derived in question 5.2, compute IIo(X) in the case where pu; = 1.2,
e =19, 00 =138, 09 =0.2, r =0.05, and p = —0.7.

In your answer to question 5.4 you may use the following table of values of the
standard normal cumulative distribution function.
z 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
N(z) | 0.540 0.579 0.618 0.655 0.691 0.726 0.758 0.788 0.816 0.841

z 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
N(z) | 0.864 0.885 0.903 0.919 0.933 0.945 0.955 0.964 0.971 0.977

z 2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9 3.0
N(z) | 0.982 0.98 0.989 0.992 0.994 0.995 0.997 0.997 0.998 0.999
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