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Throughout K denotes an algebraically closed field unless specified differently.

Q1 1.1 Assume char(K) = 0. Let g(x) ∈ K[x] of odd degree d ≥ 5 and let f(x, y) =
y2 − g(x).

(i) Show that f(x, y) is irreducible in K[x, y].

(ii) Derive a criterion for the associated affine curve Cf to be non-singular.

(iii) State when the projective closure of Cf is non-singular.

1.2 Let E be an elliptic curve defined by the equation

Y 2Z = X3 + bXZ2 + cZ3, b, c ∈ K,

over a field K with char(K) = 3 and neutral point O = [0 : 1 : 0]. Find the
order of the groups E[3], E[5] and E[45]. Justify your answer.

Q2 Let C be a plane projective curve of degree d ≥ 3 and over any field K given by

F (X, Y, Z) = (αY + Z)Xd−1 + (−Y 2 + Y Z + 2Z2)Xd−2 +
d∑

j=3

Gj(Y, Z)Xd−j

with α ∈ K and Gj(Y, Z) homogenous of degree j. Note P := [1 : 0 : 0] ∈ C.

2.1 Compute the evaluation of the Hessian HF of F at the point P . For which α
does the Hessian HF at P vanish?

2.2 Let Q = [a : b : c] 6= P be another point in the plane. Write down the
equation for the line L through P and Q and compute from the definition the
intersection multiplicity IP (C,L). When do we have IP (C,L) = 1, IP (C,L) =
2, IP (C,L) ≥ 3? Interpret your answer.

Q3 Let P1, . . . , P6 be six pairwise different points on P2
K with no three points collinear.

For j = 1, . . . , 6, let Lj be the line through Pj and Pj+1 (with L6 determined by P6

and P1). Let Q1 = L1 ∩L4, Q2 = L2 ∩L5, and Q3 = L3 ∩L6. Assume that Q1, Q2,
Q3 all lie on a line L. Let F1 be the cubic polynomial underlying C1 := L1∪L3∪L5

and F2 the one for C2 := L2 ∪ L4 ∪ L6.

3.1 Show that all lines Li are pairwise different. Also show that the points Qi are
also pairwise different and distinct from the points Pi.

3.2 Show that C1 ∩ C2 = {P1, . . . , P6, Q1, Q2, Q3}.
3.3 Show that the points Pi do not lie on L.

3.4 Let Q = [a : b : c] 6= Qi be a fourth point on L, not belonging to either C1 or
C2. Let λ = F1(a, b, c) and µ = F2(a, b, c). Consider

G(X, Y, Z) := µF1(X, Y, Z)− λF2(X, Y, Z).

Show that G 6= 0. Let CG be the associated curve. Show that L and CG must
have a common component.

3.5 Use this to show that the points P1, . . . , P6 must lie on a conic.

3.6 Give (in words) a geometric interpretation of the result proved in 3.5.
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Q4 4.1 Let Λ = Zw1 + Zw2, w1, w2 ∈ C, be a lattice in C. We write ℘(z) for ℘(z; Λ),
the Weierstrass ℘-function attached to the lattice Λ.

Find the zeros and poles in C, as well as their orders, of the functions:

(i) f(z) := ℘(4z)− ℘(z).

(ii) g(z) := ℘(5z)− ℘(z).

4.2 You are now given that the elliptic curve E defined by Y 2Z = 4X3 − 4XZ2

over C corresponds to the lattice Λ = Zw + Z i w for some real number w.
Does the map ψ : C→ C, defined as ψ(z) := i z, induce an endomorphism on
E(C) ∼= C/Λ? Justify your answer.

Q5 5.1 Let E be an elliptic curve defined over a finite field Fq where q = pr, with p
a prime number, and r ∈ N. Assume that E(Fq) is isomorphic to the group
Z/mZ× Z/mZ for some m ∈ N.

(i) Show that p does not divide m.

(ii) Show that m divides q − 1.

(iii) Let {P1, P2} be a basis of E[m], and consider the matrix Am ∈M2(Z/mZ)
associated to the Frobenius endomorphism φq ∈ End(E), when restricted
to E[m], with respect to the selected basis. Show that,

Trace (Am) ≡ 2 mod m.

(iv) Set a := (q + 1) −#E(Fq). Does the equation a = 2 + 3m hold? Justify
your answer.

5.2 Let E be an elliptic curve defined over the finite field Fq, and ` be a prime
number with q2 − q 6≡ 0 mod `. Set N := #E(Fq) and assume that ` divides
N . Assume further that there exists a point P ∈ E[`] such that φq(P ) 6= P ,
where φq ∈ End(E) is the Frobenius endomorphism. Show that,

(i) There exists a point Q ∈ E(Fq)[`] := E(Fq) ∩ E[`] such that {P,Q} is a
basis for E[`].

(ii) For any integer n > 1 we have,

φn
q (P ) = P if and only if

n−1∑
i=0

qi ≡ 0 mod `.
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