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Q1 Consider the following contingent claim. There is a stock whose value at time t is
St. You have the option, but not the obligation, to buy 2 units of this stock for K
units of money at time t.

1.1 Consider a T -period Binomial market (Bt, St) with interest rate r and no ar-
bitrage. Let X be the value of the contingent claim above at expiry time T .
Show, with appropriate explanation, that X = (2ST −K)+.

1.2 Consider the American option for exercising the contingent claim above, which
means you can exercise it at any stopping time τ with 0 ≤ τ ≤ T . Prove that
the arbitrage-free price of this contingent claim with the American exercising
option is the same as its arbitrage-free price with the European exercising
option.

Q2 Consider a 1-period market M = (Bt, S
1
t , S

2
t ) such that

• B0 = 1 and B1 = 1.1;

• (S1
0 , S

2
0) = (10, 20) and (S1

1 , S
2
1) has the following joint distribution:

(S1
1 , S

2
1) =


(15, 21) with probability 0.5,

(10, 22.5) with probability 0.25,

(10, 22.2) with probability 0.25.

A portfolio for this market is a vector h = (x, y, z) ∈ R3 and its value is V h
t =

xBt + yS1
t + zS2

t for t = 0, 1. The market contains arbitrage if there is a portfolio
h such that (i) V h

0 = 0, (ii) V h
1 ≥ 0 almost surely and (iii) V h

1 > 0 with positive
probability.

2.1 Prove this market contains no arbitrage.

2.2 Consider a contingent claim X = F (S1
1 , S

2
1). Show that there is a portfolio h∗

such that V h∗
1 = X almost surely. (You need not find h∗ explicitly but you

must justify why such an h∗ exists.)

2.3 Prove that the arbitrage-free price of X at time 0 is V h∗
0 .
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Q3 3.1 State Itô’s Lemma for f(t,Xt) where f is smooth and (Xt)t≥0 is an Itô process.

Consider an Itô process (Xt)t≥0 with Xt ≥ 0 satisfying the following stochastic
differential equation (SDE) involving the constant parameter c > 0:

X0 = 0; dXt = c dt+
√
Xt dWt, t ≥ 0.

3.2 Let k be a positive integer. Apply Itô’s Lemma to find an SDE of the form

d(Xk
t ) = aXk−1

t dt+ bX
k−(1/2)
t dWt, t ≥ 0,

for constants a, b, depending on c and k, that you should determine.

3.3 Use your SDE from question 3.2 to explain why E(Xk
t ) = a

∫ t
0

E(Xk−1
s )ds.

3.4 Use the formula from question 3.3 and mathematical induction to show that

E(Xk
t ) = tk

k−1∏
j=0

(
c+

j

2

)
.

3.5 If (Wt)t≥0 is Brownian motion, write down an SDE for Yt = 1
4
W 2
t .

Use the earlier parts of this question to deduce E(W 2k
t ) for positive integer k.

Hence, without doing any further calculations, if Z ∼ N (0, 1), what is E(Z4)?
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Q4 Consider a Black–Scholes market with risk-free asset given by Bt = ert, r > 0, and
two risky assets with evolution given by S

(1)
0 = S

(2)
0 = 1 and

dS
(1)
t = µ1S

(1)
t dt+ σ1S

(1)
t dW

(1)
t , and dS

(2)
t = µ2S

(2)
t dt+ σ2S

(2)
t dW

(2)
t .

Here µ1, µ2, σ1, σ2 are positive constants, and

W
(1)
t = Wt, and W

(2)
t = ρWt +

√
1− ρ2W ′

t ,

where ρ ∈ (−1,+1) is constant and Wt,W
′
t are independent Brownian motions

under the real-world measure P.

For γ ∈ R, let Rt = S
(1)
t

(
S

(2)
t

)γ
.

4.1 Using Itô’s formula, derive SDEs for L
(1)
t = logS

(1)
t and L

(2)
t = logS

(2)
t .

4.2 Using question 4.1, or otherwise, write down an SDE for logRt. Deduce that

dRt = µRtdt+ σRtdW
′′
t ,

where W ′′
t = αWt +

√
1− α2W ′

t , and µ, σ, and α are constant functions of µ1,
µ2, σ1, σ2, ρ, and γ that you should determine.

4.3 If Q is a measure under which e−rtRt is a martingale, find an expression for
Q(RT ≥ θ | Ft), 0 ≤ t ≤ T , in terms of the standard normal cumulative
distribution function.

Consider the contingent claim X = Φ(S
(1)
1 , S

(2)
1 ) = 1{S(1)

1 ≥ 2S
(2)
1 }.

4.4 Use your answer to question 4.3 to find Πt(X) = C(t, S
(1)
t , S

(2)
t ), the no-

arbitrage price of X at time t ∈ [0, 1], in terms of a function C(t, x, y) that you
should determine. In particular, using also, where necessary, your formulas for
µ and σ derived in question 4.2, compute Π0(X) in the case where µ1 = 1.2,
µ2 = 1.9, σ1 = 1.8, σ2 = 0.2, r = 0.05, and ρ = −0.7.

In your answer to question 4.4 you may use the following table of values of the
standard normal cumulative distribution function.

z 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
N(z) 0.540 0.579 0.618 0.655 0.691 0.726 0.758 0.788 0.816 0.841

z 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
N(z) 0.864 0.885 0.903 0.919 0.933 0.945 0.955 0.964 0.971 0.977

z 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0
N(z) 0.982 0.986 0.989 0.992 0.994 0.995 0.997 0.997 0.998 0.999
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Q5 Let Sr,σt = e(r−
1
2
σ2)t+σWt be a geometric Brownian motion. Consider a contingent

claim F (Sr,σT ) for which we want to estimate the Greek

∆ =
∂

∂r
E
[
F (Sr,σT )

]
=

∂

∂r
E
[
F (e(r−

1
2
σ2)T+σWT )

]
by using a Monte Carlo method. For h > 0, define

∆(h) =
E
[
F (e(r+h−

1
2
σ2)T+σWT )− F (e(r−

1
2
σ2)T+σWT )

]
h

.

Then ∆(h) is an approximation of ∆ since ∆(h) = ∆ +O(h) as h tends to zero.

5.1 Provide an unbiased estimator aM of ∆(h) that uses M independent samples
from a standard Normal distribution. Then provide an unbiased estimator b2M
for the variance of ∆(h).

5.2 Provide an approximate 95% confidence interval for ∆(h) that uses the esti-
mators from question 5.1. Justify your answer by appealing to an appropriate
theorem.
You may find it useful that if Z is a standard normal then P[|Z| ≤ 1.96] ≈ 0.95.

5.3 Provide a Monte Carlo algorithm that estimates ∆(h) to within an approximate
95% confidence interval.

5.4 Suppose it is known in advance that

|F (s)| ≤ 1/2 for every s.

Prove that the width of the approximate confidence interval from question 5.2
is at most 10/

√
Mh2 (assume that M ≥ 2). How can you use this to get

an estimate of ∆(h) that is accurate to within two decimal places with 95%
confidence?
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