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Q1 1.1 Leta, b,c,d € R with b,d > 0 and g < g. Show that

a_a+c _c
b b+d d
1.2 Let n > 2 be an integer. Show that

1 n 1 n+1 1 n 1
(1 +n—1> > (1 +n> is equivalent to (1 +n2—1) >1+B'
1.3 Let n > 2 be an integer. Show that
n n+1
<1+ L ) ><1+1> :
n-—1 n

Q2 2.1 Let M be a non-empty set of real numbers which is bounded above, and let
a = sup M. Given £ > 0, show that there exists an m € M with

0<a—-m<e.

2.2 Show that the set

M={m3+12n2m

WER n,mEN,m§2n}

is bounded, and determine its infimum and supremum. Furthermore, decide
whether the set has a maximum or minimum.

Q3 3.1 Let (xp)nen be a convergent sequence of real numbers with limit x € R. Let
(¥n)nen be a sequence of real numbers with

1 1
yn_E<Xn<yn+E

for all n € N. Show that (y,)nen converges to x, using the e-definition of
convergence.

3.2 Let a € Rwith 1 < o. Define a; = 2a, and for n € N let
a—a

any1 = m-

Show that (a,)nen is convergent, and determine lim,_, o, a,. Hint: First show
that a, > o for all n € N.
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Q4 4.1 Calculate liminf,_ X, and limsup,,_, , X, of the sequence (x,)ncn given by
(=1)"+1 n=3k with k e N

1\" .
X, = ((—1)"+n> n=3k—1withkeN

m+n—1

_ 3k — 2 with k
Gnri)n+2 173 with k € N

4.2 Let (an)nen be abounded sequence of real numbers, and let a = liminf,_, . an.
Given £ > 0, show that there are at most finitely many n € Nwith a, < a—«.

Q5 5.1 Decide whether the series Z an converges, where

n=1

5.2 Determine all o € R for which

i,/(nn)s—\/ﬁ

noc

n=1
is convergent.
Q6 6.1 Let f be a continuous function on R with f(2) = f(0). Consider f(x) — f(x + 1)
to show that there exists an xy € [0, 1] such that f(xp + 1) = f(xo).

6.2 Let f be a continuous function on [0, co) with lim,_., f(x) = L € R. Show
f is bounded. Does the statement hold for f continuous on (0, o) with
limy 00 f(X) = L?

Q7 7.1 For n € N with n > 2 define

F) = x"sin(1/x2) if x #0,
) = 0 if x = 0.

Show f is differentiable at x = 0. Determine for which n the derivative f' is
continuous at x = 0.

7.2 Let a < b be two (real) solutions for the equation e*sinx = 1. Show there
exists (at least) one solution of e¥cosx = —1 in the interval (a, b). (Hint:
Consider the function e * — sin x.)
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Q8 8.1 Show that the power series f(x) = 32, 1x* converges absolutely for |x| < 1
but diverges at x = 1.

8.2 Let £ > 0. Show that for N € N with 1/N < £ we have
001 B
(1—x) Z —x"<e¢
k=N

for all x € [0, 1).

8.3 Use 8.2 to show
lim (1 — x)f(x) = 0.

X—1-

(Hint: § = 1/N? will do).

Q9 9.1 Forne Nlet fy(x) = XJH on | =[1,00). Show that f, converges uniformly on
[r,00) for all r > 1. Is the convergence also uniform on /?

9.2 Let g(x) be a bounded and continuous function on (0, o). Let r > 1. Show
that the improper integral

[ g0

exists for all n € N, and

lim n/oo g(x)f,(x)dx =0 ifr>1.

n—oo

Give, with proof, two counterexamples (which do not differ by a constant) for
the last statement if r = 1 (but g(x) still bounded and continuous).

Q10 For x € R let s(x) be the distance of x to the ‘closest’ integer. You may assume
that s(x) is 1-periodic and continuous given on [0, 1] by

iy 1% if x €[0,1/2]
D) =11« if x € [1/2,1].

10.1 Set

& s(4x)

Show that f(x) defines a continuous function on R.
10.2 Explicitly compute f; f(x)dx, justifying all steps.
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