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Q1 Calculate

1/2 (16x2 — 8x + 1) exp(cos(mx)) dx
/0 exp(cos(mx)) + exp(sin(mx))

Q2 Consider a third order ordinary differential equation for y(x) of the form

yIII _ 2yII _ yl +2y — ¢’

where ¢ is some known function of x. Derive integral formulae for the functions
Ui, Us, Us, such that
Y= U1 € + e X + uze®

solves the above differential equation. In each case the integrand should be a
given function of x multiplied by ¢.

Q3 The region D is shown as the shaded region in the figure. The bound-
ary of D consists of the unit circle centred at the origin, together
with parts of the curves 2y = x2 + 8x + 12 and 2y = 6 — x? and
8y = 5x2 + 2x — 16. Calculate [f x dxdy.

D

Q4 The function g(x) has period 27 and its Fourier series is given by

L i =1 cos(nx)
3 n? '

Without finding g(x), calculate the integral [T7(g — 3)2 dx. You may use the result
that

1 4
ﬁ =

M8
8l

>
]
—-

Q5 Given a function f(x), that is differentiable at least three times for all x € [0, 1],
define the associated quadratic polynomial Ys(x) by the properties that f(0) =
Y>(0) and f(1) = Y>(1) and f'(0) = Y3(0).

Give a formula for Y2(x) and derive a Lagrange-type formula for the remainder
r2(x), when Ya,(x) is used to approximate f(x) in the interval (0, 1).

For the example with f(x) = €*, calculate Y>(x) and prove that Px(x) < Ya(x),
where Ps(x) is the Taylor polynomial of order two about x = 0 for f(x). Further-
more, for this example, use your result for ro(x) to prove that f(x) < Ya(x) for all
x € (0,1).
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Q6(6.1) Find the equation of the tangent plane T to the surface
f(x,y,2) = —xy? — z(x +y)+6y — 28/3+12=0

at the point (x, y, z) = (0, —1, 3).

(6.2) Find the terms in the Taylor series of the function f(x, y) = In(1+x— y) sin(xy)
expanded about the point (xo, yo) = (1, 0) to quadratic order.

Q7(7.1) Find and classify the stationary points of the function
1
fx,y) = (¢ =3x)(y =)+ 35° - y.

(7.2) A kitchenware supplier manufactures lidless saucepans in the shape of a
cylinder of height h and radius r. The material for the bottom of the saucepan
costs a/unit area, while the material for the side of the saucepan costs g /unit
area. If the total cost of the material in the saucepan is C, use the method
of Lagrange multipliers to calculate the maximum possible volume V of the
saucepan, in terms of C, o and B.

Q8 Explain briefly why the solutions to the second order linear differential equation

2
(x® — Z)ZX}; +4x3§ +y =0.
can be expressed as a power series y = Y %, a,x". Find a recurrence relation
satisfied by the coefficients a, and use the ratio test to determine for which values
of x the series converges. In the case that A = 2 find an explicit expression
(i.e. not as an infinite series) for the general solution y(x) in terms of x and the
parameters a; and a;.

Q9 A bar of metal lies along the x-axis between x = 0 and x = «. lts temperature
u(x, t) satisfies the equation u; = k?u,,. Both ends of the bar are insulated so that
uy(0, t) = uy(m, t), and initially the temperature of the bar is u(x,0) = 100x.

Use the method of separation of variables to obtain the solution u(x, t) as a series
in the form

U(X, t) = i Aan(X) Tn(X),
n=0

where X,(x) satisfies X” = AX and X/ (0) = X'(w). (You may use that the operator
L= ;‘722 is self adjoint with respect to the inner product (f,g) = [5 f(x)g(x)dx if
f(0) = g'(0) = f'(m) = g'(w) = 0.)
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Q10 The function y(t) satisfies the first order differential equation.

dy
Gt f(t)

where o > 0.

By taking the Fourier transform of this equation, find an expression for y(p), the
Fourier transform of y(t), in terms of f(p), the Fourier transform of f(t). Use the
convolution theorem to find y(t) in terms of f(t). You may use that the Fourier
transform of

(t) = etfort>0
“lofort<0

is 9(p) = (p+1)".
Find the solution y(t) for t > g > 0 in the case that

1 f
(1) = or0<.t<b
0 otherwise.
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