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Q1 1.1 Let a,b,c € C with &% + b? # 0. Suppose that f : C — C is a holomorphic

function with

Vze C: aRe(f(z))+blm(f(z))+c=0.
Show that f is constant.
1.2 Find a holomorphic function f = u+iv : {z € C: Re(z) > 0} — C with real
part
1 .
u(x, y) = arctan (’V;> , Z=X+1y,

where we take the branch arctan : R — (—7/2,7/2).

1.3 Determine how many solutions the equation z* +4 — 3e~? = 0 has in the first
quadrant {z € C: 0 < Arg(z) < 7/2}.

Q2 2.1 We equip C with the following metric (you do not need to verify that it is a
metric):

HNz—w|, |z—w|<2

1, |z —w| > 2.

d(z,w) = { (%)

Find the open ball B;(0) = {z € C: d(z,0) < 1} and its closure in (C, d). Is
the closure equal to {z € C: d(z,0) < 1}? Justify your answer.

2.2 Let {z,}nen € Cand z € C. Prove that z, — z in (C, d) with respect to the
metric d in (%) is equivalent to z, — z in (C, | - |) with respect to the metric
induced by | - |.

2.3 Suppose that t > 0. Prove that f, : {z € C: Re(z) > t} — C defined by

f,(2) := tanh(nz) = m

is uniformly convergent to 1 as n — oo. Is the convergence uniform in
{z € C: Re(z) > 0}? Justify your answer.

Q3 3.1 Prove that every Mobius transformation preserving the open right half-plane
Hpg := {z € C: Re(z) > 0} is of the form My with

c d

such thatdet 7T = 1.

3.2 Let C = CU{oo}. Find a Mébius transformation f : C — C that preserves Hg
and satisfies f(0) =/, f(2) = 2. What is f(co0)? Where in C is f conformal?

3.3 Let p be a polynomial with complex coefficients. Using a parametrisation of
the unit circle, show that

PO =5 [ pE)az

Find Jiz/=1 Re(p(z)) dz.
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Q4 4.1 Consider the sequence of entire functions f, given by

4.2

Q5 5.1
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5.2

fa(2) = sin <z + /17> : (n e N).

Let v denote the simple closed contour tracing the unitcircle {z € C : |z| = 1}
anticlockwise, and suppose that for each k > 1 there is an entire function gx
such that forne N

o (l) = o | (@) )z,

where h(z) = 1 +2z~" + z=2. By evaluating the integral, identify the function
gk for each k > 1. Justify your answer.

Let f be an entire function and let w € C be some complex number.

f(z) — f(w)

(i) Show that the function 0
extended to an entire function.

f(2)

(ii) Assume additionally that > tends to 0 as |z| tends to infinity. Using

defined on C—{w} can be analytically

part (i) and Liouville’s Theorem, identify the function f in the case that
f(w) = 2021. Justify your answer.

Let a,b > 0. By integrating a suitable complex function around a suitable
contour, evaluate the integral

©  sin(ax)
/o x(1 + b2x2)

Using Rouché’s theorem, prove via contradiction that there does not exist a

: : 1 .
sequence of polynomials that converges uniformly to h(z) = > on the unit
circle {ze C:|z|=1}.
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