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Q1 1.1 Prove that 11 divides 4677°* + 134%2'. (You must use only pen and paper
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calculations.)
Determine whether the number 20212%2" is the sum of two squares.

Find all natural numbers n such that ¢(17n) = 17¢(n), where ¢ is the Euler
p-function. (You must prove that all of the integers you find are solutions and
that there are no other solutions.)

Let m, n,i € N be such that gcd(m, n) = 1. Show that the set
R={km+i|k=0,1,...,n—1}

is a complete set of residues mod n.

Find all the solutions x ¢ N with x < 77 of the congruence x> = 64
(mod 77). (Your solution should at some point use the Chinese Remainder
Theorem. Just trying all x = 1,2, ..., 76 will not count.)

Prove that for all solutions x, y € N of the Pell equation x2 — 22y? = 1, we
have
|x — yv/22| < 0.003.

Q3 In this question ¢ is the Euler p-function, as usual.

Q4

ED01/2021

3.1

3.2

3.3

3.4

4.1

4.2

4.3

Let a,m € N be such that gcd(a, m) = 1. Show that m divides ¢(a” — 1)
for a > 1. (Hint: Think about the order of the number a modulo some other
number.)

Suppose that r is a primitive root mod m. Let e,f € N. Show that ré¢ = r’
(mod m) if and only if e = f (mod ¢(m)).

Find all the solutions x € N to the congruence 6* = 11 (mod 17). (You must
use a method. Simply using trial and error with x = 1,2, ... will not count.)

Let a, m € N be such that gcd(a, m) = 1. Suppose that a primitive root mod
m exists. Let n € N. Show that x” = a (mod m) has a solution if and only if
a*m?d =1 (mod m),

where d = gcd(n, ¢(m)).

Let p and g be two distinct primes such that p = g = 3 (mod 4). Show that
if X2 = p (mod q) has no solutions, then x> = g (mod p) has exactly two
distinct solutions mod p.

Let p be an odd prime and let a,b € Z be such that a2 — 4b # 0 (mod p).
Prove that the congruence

x>+ax+b=0 (mod p)
has either no solutions or two distinct solutions mod p. (Note: No square
roots or non-integers are allowed in congruences.)

Let p be a prime such that p = 1 (mod 6) and let a € N be such that
gcd(p,a) = 1. Show that the congruence x3 = a (mod p) has either no
solutions or three distinct solutions mod p.
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