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Q1 Let o : R — R2 be the space curve

Q2

a(t) = (t,sinh t,cosh t).

1.1 Is a smooth? Is a regular? Is e simple?
1.2 Compute the curvature and torsion of c.

1.3 Let S={(x,y,2) e R®: z2—y2 =1,z > 0}. Show that S is a regular surface
and that « is a curve in S. Compute the geodesic curvature of a.

1.4 Using the parametrisation x(u, v) = (u, v, V1 + v2), compute the mean cur-
vature of S.

2.1 Let a : | — R? be a smooth unit speed curve with
a’'(s) = (cos 4(s), sind(s))

and assume that 6 : /| — R is also smooth. Find the curvature k : | - R of «
as an expression in the function 6.

2.2 Let B : | — R? be a smooth unit speed curve with nowhere vanishing curva-
ture function . Let e : | — R2 be its evolute. Assume that e is constant, that
is, there exists p, € R? with e(s) = p, for all s € /. Show that the trace of g
is contained in a circle centred at p, and find the radius of this circle.

2.3 Let v : | — R3 be a smooth unit speed curve with principal normal n and
binormal b. Assume that there exist smooth functions f, g : I — R with

v(8) = f(s)n(s) + g(s)b(s).

Show that there exists ¢ > 0 such that f2(s) + g(s) = c for all s € /. Express
k and T in terms of f, g and g'. Show that f(s) < 0 for all s € | and that
k(s) >1/y/cforallse I

Q3 Consider the parametrised surface x : U = (0,1) x (0,1) — R3,
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ud v
x(u,v)=|u— —+uv?v— —+w? 17— Vv?|.
3 3

3.1 Calculate the coefficients of the first fundamental form with respect to x.
3.2 Calculate a Gauss map N : x(U) — S2.

3.3 Calculate the coefficients of the second fundamental form with respect to x.
3.4 Calculate the principal curvatures and determine the umbilical points.

CONTINUED
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Q4 Consider the upper half plane model H? = {(u, v) € R? : v > 0} of the hyperbolic

plane, with first fundamental form given by
1 1
E(u,v)= V2 F(u,v)=0, G(u,v)= e
4.1 Describe the shape of all geodesics in H? (you do not need to prove this).
4.2 Let a < band ¢ > 0. Calculate the hyperbolic area of the subset

R:={(uv)ecH?:a<u<b,v>chl

4.3 Calculate the geodesic curvature of the curve « : [a, b] — H?, «(t) = (t, ¢) for
some constant ¢ > 0.

4.4 State the Gauss-Bonnet Theorem and explain all involved terms. Using the
fact that H? has constant Gauss curvature —1 (without proof), verify in full
detail that the Gauss-Bonnet Theorem holds for the set R.

Q5 Let x : U — RS2 be a global parametrisation of a regular surface Sand N : U —
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S? be a unit length normal, that is N(u,v) L Tyu.S and |[N(u, v)| = 1 for all
(u,v) € U. For every t € R, we consider the set S; C R3, defined as the image of
the global parametrisation

y(u,v) = x(u,v)+tN(u, v).
We will assume that, for |{| > 0 small, the sets S; are again regular surfaces.

5.1 Prove the identity

%x%—Kx X X
u ~ dv Y "

where K is the Gaussian curvature of S, viewed as a function on U.
5.2 Let E, F, G be the coefficients of the first fundamental form of y. Express

oE
ot

or
ot

oG
QT

t=0 t=0 t=0

in terms of the coefficients of the second fundamental form of x.

5.3 Show that
y,xy,=(1—2Ht+ K®)x, x x,,

where H is the mean curvature of the surface S, viewed as a function on U.

5.4 Assume that the Gauss curvature K and the mean curvature H of S are
globally bounded. Express, for small |f| > 0, the Gauss curvature of the reg-
ular surface S; in terms of t, the Gauss curvature K and the mean curvature
H of S.
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