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Q1 1.1 Let K be a number field and write O for its ring of integers. Which of the
following statements are true? Justify your answer.

(i) Let [K : Q] = 2 and assume that for an o € K with o ¢ Q we have
TrK/Q(a) € Z. Then a € Ok.
(i) Let[K : Q] =2 and assume that for an o € K we have Trk,(a) € Z and
Nk o(a) € Z. Then o € Ok.
(i) Let [K : Q] = 3 and assume that for an o € K we have Trx/qg(a) € Z and
Nk o) € Z. Then o € Ok.
(iv) Let /and J be two ideals in Ok and assume that / + J = Ok. Then there
exist n, m € N, such that /" + J™ # Ok.

1.2 (i) Find the fundamental unit of Q(+/10). Show your work.
(i) Find all solutions (x, y) € Z x Z, x,y > 1, to the equation x2 — 10y? = 1.
Show your work.
(iii) Show that for any integer N > 1, there exist a, b € Z with a, b > 0 such
that

a1
‘\/1 -2
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Q2 2.1 Let f(x) = X"+ @y_1X" "+ @,_oX"2 + ...+ a1X + a € Z[x]. Let p be a prime
factor of ay and write r € N such that p’ divides a, and p™*' does not. Assume
further that all a; for i = 1, ..., n— 1 are divisible by p" and that the polynomial
f(x) is irreducible over Q. Denote by R the ring of integers of Q(a), where
a € C such that f(a) = 0. Show that:

(i) Thereis anideal /in R such that (p")g = I".
(if) If r and n are relatively prime then there exists an ideal J in R such that
(PR =J".
2.2 Let K be a number field and write Ok for its ring of integers.
(i) Let/be anon-zero properideal in Ok. Show that there exists an element
v € K such that v € Ok and (v)o, ! C Ok.

(i) Let F be a field extension of K with [F : K] finite, and write O for the
ring of integers of F. Let / be a proper ideal of Ok, and consider the set

n

3= {Za,-r,- | neN,aiel,re (’)F}.
i=1

A. Show that 7 is an ideal in Ok.

B. Show that J # Of.

C. Show that we may select F such that J is a principal ideal in OF.

Q3 3.1 Leti € C with 2 = —1. Is the ring Z[2/] := {a+2bi | a,b € Z} a UFD?
Justify your answer.

3.2 Let d be a square-free integer with d = 1 (mod 4). Write K = Q(+/d), and
denote by R the ring of integers of K. For p an odd prime, show that if (p);
is not inert in R, then there exists an integer b with 0 < b < p — 1 such that

p divides Ni/g(b + 1+Yd).

3.3 Let K = Q(+/—65), and write R for its ring of integers. Factorise the ideal
(75 —15/—65, —-195 — 154/—65)p into a product of prime ideals in R.
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Q4 Let K = Q(+/7,/10) and fix any a € Ok such that K = Q(a). Let f(x) € Z[x]
be the irreducible monic polynomial for which f(a) = 0. Throughout this question,
given a polynomial g(x ) e Z[x] let g(x) denote the reduction of this polynomial
modulo 3. Namely, g(x) € (Z/3)[x].

4.1 Compute Nk(v/7) and Trk(v/7).

4.2 Show that g(a) is divisible by 3 in Z[«] if and only if f(x) | g(x) in (Z/3)[x].
You may use here that the ring Z[«a] is isomorphic to the ring Z[x]/(f(x))zx
via the evaluation at a map.

4.3 Let

=(1+V7)(1 +v10)
az_(1+ﬁ)1—¢_
as = (1 \/71+\/_
aq = (1-V7)(1 - V10),

be in Ok. Prove that 3 | oo for any i # j, but 3 does not divide any power of
af forany i=1,2,3,4andany n > 1.

(Hint: a4, ..., a4 are related to each other in a special way. Can you spot this
relation and use it to compute traces?)

4.4 Let aq,...,a4 be as defined above in Question 4.3. Suppose a; € Z[«a] for
each i =1,...,4, then we must have a; = fi(a) for some polynomials fi(x) €
Z[x]. Show that f(x) | fi(x)f(x) for i # j but f(x) does not divide f(x)"
(Z/3)[x], forany i = 1 2, 3 4 and any n> 1.

4.5 Conclude that f(x) has at least four distinct monic irreducible factors in (Z/3)[x]
and use it to prove that Ok # Z[«a] for any o € Ok. Give careful reasoning.
(Hint: Recall that (Z/3)[x] is a UFD.)

Q5 5.1 Compute the group structure of the class group of K = Q(+/—33). Give
careful reasoning.

5.2 Let K = Q(a) and R = Ok = Z[a], where o® = o + 1. Factorise the ideal
(345)R, as a product of prime ideals in R.

5.3 Let p be a prime such that p = 3 mod 4. Assume further that the class
group of the field K = Q(,/p) is of odd order. Use this information to prove
that there are infinitely many integers a, b € Z satisfying

a . pb2 ( )p+1)/42
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