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Q1 1.1 Find the degree [E : Q], where E = Q( 8
p

2, 11
p

5).

1.2 Find a splitting field for the polynomial F (X ) = X 5 + X 4 + 1 2 F2[X ].

1.3 Find all subfields in F324.

1.4 Find the minimal polynomial for � = 3
qp

5 + 1 over Q.

Q2 2.1 Suppose L = Q(�), where � 2 C is a primitive 80-th root of unity. Use � to find
a primitive 5-th root of unity �1 2 L and a primitive 16-th root of unity �2 2 L
such that � = �1�2.

2.2 For �1, �2 2 Q(�) from Question 2.1 find the minimal polynomials for � over
Q(�1) and over Q(�2).

2.3 Find the Galois group of the polynomial P(X ) = X 3 � 2X + 2 over Q(
p�19).

2.4 Let L be the cyclotomic field Q(�532). How many different subfields E � L
such that [E : Q] = 6 are there?

Q3 3.1 Suppose F is a field of characteristic 6= 2 and E is a Galois extension of
F such that Gal(E=F ) = Z2 � Z2. Prove that there are A, B 2 F such that
E = F (

p
A,
p

B).

3.2 Let L be a minimal normal overQ field extension ofQ(Θ), where Θ =
q

8� 5
p

2.
Find Gal(L=Q).

3.3 For the field L from Question 3.2, find all subfields K � L such that [K : Q] =
2 and Gal(L=K ) ' Z2�Z2. Prove that there is a unique subfield K 0 of L such
that Gal(L=K 0) ' Z4.

3.4 For each subfield K of the field L from Question 3.2 such that Gal(L=K ) =
Z2 � Z2, find A, B 2 K such that L = K (

p
A,
p

B).

Q4 4.1 Suppose L = F11(X ) and K = F11(X 5 + X�5), where X is a variable. Prove
that L=K is Galois and describe the group structure of Gal(L=K ).

4.2 Find all field extensions E of K in the field L from Question 4.1.

4.3 Explain a construction of the field extension F8 of F2 (define the correspond-
ing set of elements and operations: addition and multiplication).

4.4 Find an irreducible polynomial P(X ) of degree 3 in F8[X ].

Q5 Let L be a minimal normal over Q field extension of Q( 8
p

2).

5.1 Find L.

5.2 Find generators and relations for G = Gal(L=Q).

5.3 Find all subfields E � L such that [E : Q] = 2.

5.4 Find the number of subfields E in L such that Gal(L=E) is cyclic of order 4.
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