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Q1 Consider a particle of mass m moving in one dimension inside the potential
V (x) = �� x .

1.1 Write an equation that expresses the time derivative of the expectation val-
ues hp̂it and hp̂2it in terms of hp̂nit where n is in each case a suitably chosen
non-negative integer.

1.2 Write an equation that expresses the time derivative of hp̂mit , for any positive
integer m, in terms of hp̂nit where n is suitably chosen.

1.3 At t = 0 the particle is in a state j i such that hp̂it=0 = p1 and hp̂2it=0 = p2.
Solve the equations you found in question 1.1 to express hp̂it and hp̂2it in
terms of p1 and p2.

A quantum particle is in a one dimensional potential shown on the image, where
the values of the potential V1, V2 and V3 satisfy the relation V1 < V3 < V2 and the
potential V = V1 for x ! �1 and V !1 as x !1.
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Answer the following questions:

1.4 Is the energy spectrum of the particle in this system discrete or continuous?
If your answer depends on the energy of the particle, please explain and
state which part of the spectrum is discrete and which continuous.

1.5 What is the qualitative form of the wave function of the particle? Sketch the
wave function for the semi-classical particle in this potential and explain its
qualitative behaviour, including the qualitative behaviour of the amplitudes
and frequencies in various regions.

1.6 What would happen with the energy spectrum if the angle a ! 0?

1.7 What would happen with the energy spectrum if V1 !1?

Q2 Consider a Quantum Mechanical system with a Hilbert space spanned by the
orthonormal basis B = fj0i, j1ig. The Hamiltonian of the system is

Ĥ = E0 (j0ih0j + 4 j1ih1j + 2i j0ih1j + x j1ih0j) ,

with x 2 C and E0 2 R. Moreover, our system has an observable which is
described by the operator

Ô = j0ih1j + j1ih0j .

2.1 Fix the complex number x , find the eigenvalues of Ĥ and write its eigenvec-
tors in the basis B.
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2.2 Use the results of the previous question to write the operator e�itĤ=~ in terms
of the basis B and its dual.

2.3 At t = 0 the system is in the initial state j (t = 0)i = j0i. Write down the
time evolved state j (t)i after time t and the corresponding, time dependent,
expectation value hÔit .

Q3 Imagine a particle of mass m in a one dimensional simple harmonic oscillator
potential of frequency !. We are interested in the observable defined by,

Ω̂ = Z
�
ây
�2

â2 ,

with Z a real number. The operator â is defined in terms of the position x̂ and
momentum p̂ operators according to,

â =
1p

2m~!
(m!x̂ + i p̂) ,

and the Hamiltonian is

Ĥ = ~!
 

âyâ +
1
2

!
.

A complete set of Hamiltonian eigenstates is given by

jni =
1p
n!

�
ây
�n j0i

with âj0 >= 0.

3.1 Write Ω̂ in terms of the operator N̂ = âyâ and show that they have common
eigenvectors with Ĥ. Determine the eigenvalue Ωn of Ω̂ corresponding to its
eigenstate jni.

3.2 Write the most general state j i that can yield only zero in a measurement
of Ω̂ in terms of the basis vectors jni. Moreover, you are provided with the
information that all the possible values that this state can yield in an energy
measurement are equally likely.

3.3 For the j i of question 3.2 you are also given that it has expectations value
hx̂i = x0. Determine the possible expectation values of hp̂i in terms of x0.

3.4 Consider the state of 3.2 to be the initial state in time evolution under Ĥ.
Determine the expectation value hΩ̂it after time t . Justify your answer.

Q4 A quantum particle with mass m is oscillating in a k -dimensional space under the
effect of the potential

V (x1, ... , xk ) = �(x2
1 + x2

2 + ... + x2
k�1 + x2

k ) , � > 0 .

This system is perturbed by adding the following extra terms to the potential,

V 0(x) = �1(x1 + x2) + �2(x1 + x2)2 .

Answer the following questions:
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4.1 What is the eigen-energy spectrum of states and what are the eigen-energies
of this system for the generic value of parameter k , in the absence of the per-
turbations? What is the number of eigen-energy states at the n-th excited
level for this system?

4.2 When k = 2,�1 6= 0,�2 6= 0 what is the correction the ground state and its
energy at first order in perturbation theory?

4.3 When k = 2,�1 6= 0,�2 6= 0, what is the correction to the energy of the second
excited state in perturbation theory ?

4.4 When k = 2,�1 6= 0,�2 6= 0, write down the matrix from which you would
compute the corrections to the energy of the n-th excited state in perturba-
tion theory and find the correction to the energy if �2 = 0.

Q5 5.1 A quantum particle of mass m is bouncing inside the potential V (x)

V (x) =

8>><
>>:

ax2 x < 0
0 0 � x � b
x � b b < x

where a, b are two positive constants. Write down the equation which fixes
the allowed energies of the particle in the WKB approximation. You do not
need to solve this equation.

5.2 Evaluate the following expressions

[�ijqL̂j L̂q, Lp]

[x̂i x̂j , L̂2]

[x̂i p̂i , L̂z ]
[L̂j , x̂i L̂i ]

and write them in the simplest form. Start from the basic commutation re-
lations between the angular momentum operators L̂i (i = 1, 2, 3), as well as
the basic commutation relations between the operators p̂i and x̂i .
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