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Q1 1.1 If f € D'(R) is a distribution and ¢ € C*(R) is a given function, show that
g = ¢f defined as

(9.9) = (¢f.9) := (f,¢9), V¥ € D(R)

is a distribution.
Hint: you need to check whether g is well-defined, linear and continuous.

1.2 Recall that a distribution f € D'(R) is zero if and only if

(f,9) =0, V¥ € DR).

Find all distributions f such that

qbf = O! (1)
i.e. the distribution ¢f is the zero distribution, where ¢ : R — R is given as
d(x) = e~.
We aim to find now all distributions f such that (1) holds with the choice of
$(x) = (x —1)%.

1.3 For this, show that it is enough to find f such that
(f,4) =0, V¢ € D(R) with ¥(1) =0, ¥'(1) =0.
Hint: you need to show which kind of test functions you can generate in the
form of (x — 1)2V, for arbitrary ¥ ¢ D(R).

1.4 Relying on Question 1.3, find a nonzero f that satisfies (1) with ¢(x) = (x— 1)2.

Hint: try to construct special test functions 1 that satisfy the conditions from
Question 1.3, using arbitrary test functions and some special ones.
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Q2 We consider the Cauchy problem associated to Burgers’ equation, i.e.

O+ 0x(L?/2) =0, (x,1) € R x (0, +00),
u(x, 0) = ug(x), x € R.

Let up : R — R be given by

37 X<_1J

0, -1<x<0,
U(X)=\ 6 0<x<1,

0, 1<x.

Find a possibly unbounded entropy solution (i.e. a weak integral solution that
satisfies the one sided jump conditions) to this problem. To achieve this, consider
the following steps.

2.1 Find the characteristic lines associated to the problem and sketch them.

2.2 Introduce possible shock curves that satisfy the Rankine-Hugoniot condition.
If there is a need for ‘void filling’, introduce either possible new shocks or
rarefaction waves.

2.3 Write down the candidate for the global entropy solution (we allow this to be
unbounded; you do not need to verify that this satisfies the definition of the
entropy solution).

EDO01/2021 CONTINUED
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Q3 Let Q C R? be a given domain with smooth boundary and let V : Q@ — R be
a given smooth function. Furthermore, we consider I' := 09 (the boundary of
Q) and g : I — R to be a given smooth function. For the unknown function
u: Q2 — R, we consider the boundary value problem

(@)

X) = g(x), xel.

Here we use the notation |a| := /a2 + a3, for any a = (a1, &) € R2.

3.1 With respect to linearity (linear, semi-linear, etc.), what is the type of the PDE
in (2)? Justify your answer!

3.2 If V(x) = —exp(—|x|?) and g is arbitrary, show that the problem (2) does not
have a classical solution.

For the following questions, let us set Q = {(xy, X2) € R? : x» > 0}, V(x) = J|x[?
and g(x) = 0. We aim to find a solution to (2) by the method of characteristics.
For this, use the parameter s € R to give a parametrisation of I'. Denote the
characteristics by X(r,s) = (Xi(1,s), Xo(T,8)), (T > 0,s € R) and the solution
along the characteristics by z(t, s) = u(X(t, s)), (r > 0,s € R).

3.3 By the nature of the problem, we need to introduce a new variable P(t, s) =
(Py(T,S), Po(T, S)), (T > 0, s € R) by setting

P(t,s) = Vu(X(t,s)), T >0, s€R.

Find an ODE system satisfied by (X(t, s), P(r, s), z(t, s)) together with the
corresponding initial conditions. Hint: compute 9P and differentiate the
PDE in (2) with respect to x; and x.. One of the equations should be 6. X =
P.

3.4 Solve the ODE system that you have found in Question 3.3.

3.5 By inverting the flow, find a local solution to the PDE in (2) in a neighbour-
hood of I'. Determine this neighbourhood as well.

3.6 Is the solution that you have found in Question 3.5 global? Can you find
other solutions? Justify your answers!
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Q4 Let n > 2 be a given integer and let 2 C R” be a given bounded, connected
open set with smooth boundary. Let moreover f : R — R be a given continuous
function such that |f(s)| < Cy|s| for all s € R, for some C; > 0. We are interested
in the solutions u : 2 — R to the boundary value problem

A2%u = f(u), in Q, (3)
u=0u=0,ie{l,..,n}, ono.

For a four times differentiable function v : Q — R we use the notation

n
APu = A(Au) = 21 B, 0,0, O, U.
L=

4.1 Show that there exists a constant C = C(n, 2) > 0 depending only on 2 and
n, such that for any u € C?3(Q) with u = 8,,u = 0, on 8Q, i € {1,...,n}, we
have

IVUlliz) < CllAU[2(q).-

4.2 Deduce from Question 4.1 that there exists a constant C = C(n, Q) depend-
ing only on Q and n, such that for any u € C?(Q) with u = 8,,u=0, ondQ, i €
{1,...,n}, we have }

Ull iz < CllAU||12()-

4.3 Show that the constant function 0 is always a classical solution to the prob-
lem (3).

4.4 We say that u € C?(Q) is a weak solution to (3), if
[ (au)ap)dx = [ Hu)pdx,
Q Q

for all ¢ € C3(Q), with ¢ = 8, = 0 on 89, i € {1,...,n}. Give a sufficient
condition involving n,Q and C; that ensures that the problem (3) does not
have a nonzero weak solution in the class C?(1)).

Hint: use a specific test function in the weak formulation, then use the pre-
viously established inequalities and detect a condition which leads to a con-
tradiction.
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Q5 Let n > 2 be a given integer, let 2 C R"” be a given bounded connected open

ED01/2021

set with smooth boundary 0. Let moreover g : Q2 — R be a given continuous
function. We consider the solution to the boundary value problem

Au=0, in€Q,
{ u=g, onoA. (4)

Recall that u € C'(Q) is said to be a weak solution to (4) if u = g on 8Q and
/Q VU Vipdx =0,

for all ¢ € C'(Q2) with ¢ = 0 on 99.

5.1 Show that (4) has at most one weak solution.

5.2 Determine the energy functional and the minimisation problem for which the
weak formulation of (4) can be seen as a first order necessary optimality
condition.

5.3 Fix xo € Qand r, R > 0 such that B,(xo) C Br(xo) C €2, where B,(y) denotes
the open ball of radius p > 0 centered at y. Suppose that u € C'(Q) is a
weak solution to (4). Show that there exists a constant C > 0 such that

C

u(x) — A2dx, ¥ € R.
(R—r)? /Bg(xw\sr(x()) u(x) = X

/ IV u(x)[2dx <
Br(xo)

Hint: consider a special test function of the form ¢ := (u — X)n? and plug it
into the weak formulation satisfied by u. Here choose n € C!(f) such that
0<n<1,n=10n B (xy) and n = 0on Q\ Bg(xo). What property does Vn
need to satisfy? You do not need to construct such an 7 explicitly.

University of Durham Copyright

END



