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Q1 1.1 Consider the relation, � on [0, 1] defined as, x � y if and only if x � y 2 Q.
Prove that � is an equivalence relation, namely

(i) Prove that for all x 2 [0, 1], x � x (Reflexive property).
(ii) Prove that for all x , y 2 [0, 1], if x � y , then y � x (Symmetric property).
(iii) Prove for all x , y , z 2 [0, 1], if x � y and y � z, then x � z (Transitivity

property).

1.2 Denote the equivalence class defined by � containing x by [x ]� and the
quotient set by A. Consider the set E � [0, 1] obtained by choosing a unique
point from each equivalence class in A. Let r 2 Q, and consider

Er = fy 2 R j y = x + r , x 2 Eg .

(i) Prove that, for all r , s 2 Q, r 6= s, Es \ Er = ;.
(ii) Denote by S =

S
r2[�1,1]\Q Er and prove that [0, 1] � S � [�1, 2].

1.3 Prove that the set E is not Lebesgue measurable.

Q2 Let A � R be a subset and x 2 R a point. Define d(x , A) = infy2A jx � y j. Denote
by A the closure of A and by Ac the complement of A in R. Show the following.

2.1 For a fixed A the function f (x) = d(x , A) is continuous.

2.2 fx j d(x , A) = 0g = A.

2.3 A set A is closed if and only if d(x , A) > 0 for any x 2 Ac.

2.4 Does the statement in 2.2 hold if we define d(x , A) = supy2A jx � y j instead?
Justify your response.
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Q3 Let ffng
1
n=1 be a sequence of Lebesgue integrable, measurable functions fn : R!

R which converge almost everywhere to a limit function

f (x) = lim
n!1 fn(x).

The limit function f is measurable, integrable and it satisfies the following:Z
R

f = lim
n!1

Z
R

fn.

Suppose that for all n 2 N, fn � 0.

3.1 Consider the auxiliary sequence gn := min(fn, f ). Show that

lim
n!1

Z
R

gn(x)dx =
Z
R

f (x)dx .

3.2 Show that
0 = lim

n!1

Z
R
jfn(x)� f (x)jdx .

Q4 4.1 Consider the space of functions

C1[�1, 1] = ff : [�1, 1] ! R : f is differentiable, f 0 is continuousg,

where f 0 denotes the first derivative of f . Define k � k1 : C1[�1, 1] ! R as

kfk1 =
 Z 1

�1
(f 2 + (f 0)2)

!1=2

=
�
kfk2

L2 + kf 0k2
L2

�1=2
.

(i) Prove that k � k1 is a norm on C1[�1, 1].
(ii) For n 2 N, we define fn : R! R as

fn(x) =

s
x2 +

1
n2 .

Does the sequence (fn)n converge in (L2[�1, 1], k � kL2)? Justify your
response.

(iii) Does the sequence (fn)n converge in (C1[�1, 1], k � k1)? Justify your re-
sponse.

4.2 For n 2 N, we define gn : R! R as

gn(x) =
1

2n

q
j cos(nx)j�[0,(�

p
n)=2](x).

Is (gn)n a Cauchy sequence in (L2(R), k � kL2)? Give a full justification of your
response.

4.3 Let E � R be measurable. Let 0 < � < 1 and 1 � p � q � s � 1 be such
that

1
q

=
�

p
+

1� �
s

.

Suppose that h 2 Lp(E) \ Ls(E). Prove that

khkLq � khk�Lpkhk1��
Ls .
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Q5 5.1 Let k 2 N and consider the space of functions

C[k , k + 1] = ff : [k , k + 1] ! R : f is smoothg

(by smooth we mean infinitely continuously differentiable) with the norm

kfkmax = max
x2[k ,k+1]

jf (x)j.

(i) Does there exist an inner product on C[0, 1] denoted h�, �i such that
kfkmax =

q
hf , f i for f 2 C[0, 1]? Justify your response.

(ii) Let T : C[k , k + 1] ! R be the functional defined as

T (f ) =
dk

dxk f (x)
�����
x=k+1

.

For which k 2 N, k � 2, is T a bounded linear functional on
(C[k , k + 1], k � kmax)? Justify your response.

5.2 For each of the following statements, either provide a proof to show that the
statement is true, or construct a counterexample to show that the statement
is false.

(i) Let H be an infinite dimensional Hilbert space. Let (xn) be an orthonor-
mal sequence of H. Then any subsequence of (xn) converges in H with
respect to the norm k � k =

q
h�, �i.

(ii) Let H be a separable Hilbert space. Let M be an orthonormal subset of
H. Then M is a countable subset of H.

5.3 Let f : R! R be a 2�-periodic function. Suppose that there exist constants
0 < � � 1 and C > 0 such that

jf (x + h)� f (x)j � Cjhj� 8x , h.

Recall that the Fourier coefficients of f are defined as

ak (f ) =
1

2�

Z �

��
f (y )e�iky dy , k 2 Z.

Prove that there exists a constant A > 0 such that

jak (f )j �
A
jk j�

, k 2 Z.
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