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Q1 1.1 Consider the relation, ~ on [0, 1] defined as, x ~ y ifand only if x — y € Q.
Prove that ~ is an equivalence relation, namely

(i) Prove that for all x € [0, 1], x ~ x (Reflexive property).
(ii) Prove that for all x, y € [0, 1], if x ~ y, then y ~ x (Symmetric property).
(iii) Prove for all x,y,z € [0,1],if x ~ y and y ~ Zz, then x ~ z (Transitivity
property).
1.2 Denote the equivalence class defined by ~ containing x by [x]. and the

quotient set by A. Consider the set E C [0, 1] obtained by choosing a unique
point from each equivalence class in A. Let r € Q, and consider

Er={yeR|y=x+r,x€cE}.

(i) Prove that,forallr,sc Q,r#s, EsNE, =0.

(i) Denote by S = U,¢—1.1jng Er and prove that [0,1] € S C [-1,2].
1.3 Prove that the set E is not Lebesgue measurable.

Q2 Let A C R be a subset and x € R a point. Define d(x, A) = inf,ca|x — y|. Denote

by A the closure of A and by A° the complement of A in R. Show the following.
2.1 For afixed A the function f(x) = d(x, A) is continuous.
2.2 {x| d(x,A) =0} = A.
2.3 A set Ais closed if and only if d(x, A) > 0 for any x € A°.

2.4 Does the statement in 2.2 hold if we define d(x, A) = sup, ., |x — y| instead?
Justify your response.
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Q3 Let {f,}72, be a sequence of Lebesgue integrable, measurable functions f, : R —
R which converge almost everywhere to a limit function
f(x) = lim f,(x).

n—co

The limit function f is measurable, integrable and it satisfies the following:
[ f=fim, [
Suppose that for all n € N, £, > 0.

3.1 Consider the auxiliary sequence g, := min(f,, f). Show that

lim /R gn(X)dx = /R f(x)dx.

n—oo

3.2 Show that
0= lim / I£,(x) — £(x)|dx.
n—oo R

Q4 4.1 Consider the space of functions
C'[-1,1] = {f: [-1,1] — R : f is differentiable, ' is continuous},

where f' denotes the first derivative of f. Define || - ||1 : C'[-1,1] — R as

1/2
= ([ o) = (i)

(i) Prove that | - ||y is anormon C'[-1,1].
(i) For n € N, we define f, : R — R as

1
fa(X) = /X2 + rel

Does the sequence (f,), converge in (L2[—1,1],|| - ||2)? Justify your
response.

(iii) Does the sequence (f,), converge in (C'[-1,1], | - |[1)? Justify your re-
sponse.

4.2 For ne€ N, we define g, : R — R as

gn(Xx) = 21n\/]cos(nx)] X[O!(Wﬁ)/z](x).

Is (g9n)n @ Cauchy sequence in (L2(R), || - ||2)? Give a full justification of your
response.

4.3 Let E C R be measurable. Let0 < a<1and1 < p < g <s<oobesuch

that
a 11—«
=— 4+

P S
Prove that

Q\—*

Suppose that h € LP(E) N L5(E).
Alla < IRl (Al .

~
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Q5 5.1 Let k € N and consider the space of functions
Clk,k+1]={f :[k,k+1] — R : f is smooth}
(by smooth we mean infinitely continuously differentiable) with the norm

[ ][ max = Xen['}f}()fﬂ 1f(X)].
(i) Does there exist an inner product on C[0, 1] denoted (:,-) such that
|fllmax = 1/(f, f) for f € C[0, 1]? Justify your response.
(i) Let T : C[k, k + 1] — R be the functional defined as

dk

T = —

f(x)

x=Kk+1

For which k € N, k > 2, is T a bounded linear functional on
(Clk, k + 1], - ||max)? Justify your response.

5.2 For each of the following statements, either provide a proof to show that the
statement is true, or construct a counterexample to show that the statement
is false.

(i) Let H be an infinite dimensional Hilbert space. Let (x,) be an orthonor-
mal sequence of H. Then any subsequence of (x,) converges in ‘H with
respect to the norm || - || = +/(:, ).

(i) Let H be a separable Hilbert space. Let M be an orthonormal subset of
‘H. Then M is a countable subset of H.

5.3 Let f : R — R be a 2w-periodic function. Suppose that there exist constants
0 < B <1and C > 0 such that

|f(x + h) — f(x)| < C|h® Vx, h.

Recall that the Fourier coefficients of f are defined as

1

ax(f) = o

/ " fy)e ™ dy, kez.
Prove that there exists a constant A > 0 such that

A
\ak(f)] Sw, k € Z.
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