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Q1 1.1 A field �(x , t) has action

S[�] =
Z t2

t1
dt
Z +1

�1

dx
�
��x�t � �

3
x + �2

xx

�
.

Use the principle of least action to find the Euler-Lagrange equation (or
equation of motion) for the field �, assuming that �(x , t) is fixed at t = t1
and t = t2, and that �t ,�x ,�xx ,�xxx ! 0 as x ! �1. Show that this equation
reduces to the KdV equation vt + 6vvx + vxxx = 0 for a second field v (x , t)
which is related to �(x , t) in a way that you should find.

1.2 A field u(x , t) defined on the half-line x � 0 obeys the equation of motion
utt � uxx + exp(u) = 0 in the bulk and the boundary conditions

x ! �1 : ut , ux , exp(u) ! 0
x = 0 : ux (0, t) = V 0(u(0, t)) ,

with V a function of the boundary value u(0, t) of the field u(x , t) at x = 0.
The densities

T4 = u2
++ +

1
4

u4
+ , X2 = �u2

+ exp(u)

T�4 = u2
��

+
1
4

u4
�

, X�2 = �u2
�

exp(u) ,

which are expressed in terms of derivatives with respect to the light-cone
coordinates x� = 1

2 (t � x), satisfy the equations

@�T4 = @+X2 , @+T�4 = @�X�2 .

Show that the charge

Q =
Z 0

�1

dx (T4 � X2 + T�4 � X�2) + F (u(0, t), ut (0, t))

is conserved provided that V (u(0, t)) = c exp(u(0, t)=2), where c is a con-
stant, and that the boundary contribution F (u(0, t), ut (0, t)) takes an appro-
priate form, that you should find.
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Q2 Consider the following solution of the sine-Gordon equation:

u(x , t) = 4 arctan (t sech(x)) .

2.1 Show that this solution contains a kink and an anti-kink.

2.2 Find the approximate trajectories xk(t) and xak(t) of the centres of the kink
(k) and the antikink (ak) at early times (large and negative t) and late times
(large and positive t). Sketch these trajectories in the (x , t) plane. Finally,
calculate the velocity vk/ak(t) = ẋk/ak(t) and the acceleration ak/ak(t) = ẍk/ak(t)
of the kink and the anti-kink at early and late times, and specify their signs.

2.3 Calculate the energy

E =
Z +1

�1

dx
"

1
2

u2
t +

1
2

u2
x + 1� cos(u)

#

of a single static kink or anti-kink, which is described by the field

u(x , t) = 4 arctan (exp(�(x � x0))) .

You may use without proof the integral
Z +1

�1

dx sech2(x) = 2 .

This energy E is the mass M of the kink or anti-kink.

2.4 Use the previous results and Newton’s law F = Ma (force = mass � accel-
eration) to find how the force F between a kink and an anti-kink depends
on the distance d between them, when the distance is large. Is this force
attractive or repulsive?
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Q3 Let

[Dm
t Dn

x (F , G)](x , t) :=
 
@

@t
�

@

@t 0

!m  
@

@x
�

@

@x 0

!n

F (x , t)G(x 0, t 0)
�����x 0=x

t 0=t

,

where m, n are non-negative integers and F , G are any functions of x and t .

It is known that, if a pair of functions f (x , t) and g(x , t) obey the system of equa-
tions 8<

:(D3
x + Dt )(f , g) = 0

D2
x (f , f ) + D2

x (g, g) = 0 ,

then the field u(x , t) given by

u = 2
@

@x
arctan(g=f )

is a solution of the mKdV equation ut + 6u2ux + uxxx = 0.

3.1 Show that
u = 2

Dx (g, f )
g2 + f 2 .

3.2 Now assume that f and g take the form

f (x , t) = 1 + �exp[�(x , t)] , g = 1 + �exp[�̂(x , t)] ,

where � is a formal expansion parameter and

�(x , t) = ax + bt + c , �̂(x , t) = âx + b̂t + ĉ ,

with constants a, b, c, â, b̂, ĉ. Working order by order in �, find a real solution
of the system of equations which depends on both x and t .

3.3 Find the corresponding solution u(x , t) of the mKdV equation.
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Q4 4.1 Explain, in terms of their actions on other functions, what it means for two
differential operators to be equal, and what it means for a differential operator
to be multiplicative. If D = d=dx and g(x) is a general function of x , show
that Dg = gD + gx as differential operators, and derive a formula expressing
D2g as a sum of terms in which all powers of D appear on the right.

4.2 Let L = D2 + u(x), with u(x) some given function, and let B = �(x)D + �(x).
Giving full details of your calculations, find the most general forms of the
functions �(x) and �(x) such that [L, B] is multiplicative. If u also depends
on t and Lt + [L, B] = 0, what partial differential equation must u satisfy?

4.3 Now let M = x2D2 +xD +u(x), with u(x) some given function, and C = 
(x)D.
Find the most general form of 
(x) such that [M, C] is multiplicative, and
write down the partial differential equation for u that would follow from setting
Mt + [M, C] equal to zero.

4.4 Show that x2D2 +xD is self-adjoint with respect to the modified inner product

hf , gi =
Z
1

0
f (x)�g(x)

dx
x

,

when acting on functions on (0,1) for which hf , f i is finite.
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Q5 For this question you can assume that all functions which arise are such that the
vanishing of the Wronskian W [f , g] implies that f and g are linearly dependent.
Consider the Schrödinger equation

 
�

d2

dx2 + V (x)
!
 (x) = k2 (x)

where V (x) ! 0 as x ! �1.

5.1 Show that any two bound state eigenfunctions  1(x) and  2(x) sharing the
same bound state eigenvalue k2 < 0 must be linearly dependent. (Hint: first
show that their Wronskian is constant.)

5.2 If V (x) is symmetric, so that V (x) = V (�x), show that all bound state eigen-
functions  are either even ( (�x) =  (x)) or odd ( (�x) = � (x)). (Hint:
first use the result of 5.1 to show that  (x) /  (�x), and then consider the
possible values of the proportionality constant.)

5.3 Now suppose that the potential V (x) from 5.2 is given by

V (x) = �a �(x + r )� b �(x)� a �(x � r )

where a, b and r are real numbers with r > 0, and �(x) is the Dirac delta
function. Setting k = i�, � > 0 and normalising your solutions such that
 (x) � e��x as x ! +1, write down the general form that even and odd
bound state eigenfunctions must take in each of the regions x < �r , �r <
x < 0, 0 < x < r and x > r , and the matching conditions that should be
imposed at x = �r , x = 0 and x = r . In each case your solutions should
depend on just two undetermined parameters A and B, say, which you can
take to be the coefficients of the two exponentials in the region 0 < x < r .

5.4 Apply the matching conditions to the odd bound states, and eliminate A and
B to find a constraint on � that should be independent of b. Using a graphical
method, show that this constraint has no solutions with � > 0 for a � 0, and
one solution with � > 0 for a > 0 if (and only if) a is larger than a function of
r that you should find.

5.5 Repeat the analysis of 5.4 to find a constraint on the even bound states, and
analyse how the number of bound states depends on a and b when both are
positive. You can assume that there are never more than two even bound
states.
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