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Q1 1.1 For � 2 H fixed and z 2 C we define

h(z) = h� (z) :=
1Y

n=1

�
1� qn�1=2e2�iz

�
,

where q = e2�i� . Carefully show that h(z) defines an entire function. Deter-
mine the zeros of h(z) and their order.

1.2 For a function f on H, and an integer k 2 Z, we define the operator

(�k f )(� ) :=
@f
@ �

(� ) +
k

2i Im(� )
f (� ), � 2 H.

Assuming that the derivative @ f
@ �

exists, show that for all  2 SL2(Z) we have
the equality of functions,

�k (f jk) = (�k f )jk+2.

Here, for an element  2 SL2(Z), an integer m, and a function g : H ! C,
we define the function gjm : H! C by

(gjm)(� ) := j(, � )�mg( � ).

Q2 With the notation as in Q1.1, set g(z) = h(z)h(�z).

2.1 Show

g(z + 1) = g(z) and g(z + � ) = �q�1=2e�2�izg(� ).

2.2 Set f (z) :=
g(z+ 1

2 )
g(z) . Show f (z + � ) = �f (z) and conclude that f is an elliptic

function for the lattice 2�Z + Z.

2.3 Explicitly describe the zeros and poles of f on all of C and directly verify
Theorems Liouville B,C,D for f .

Q3 3.1 Let Ω = Z
p�2+Z and let }(z) be the Weierstrass }-function associated to Ω.

Show that }(
p�2z) is an even elliptic function with respect to Ω. Determine

the location of its poles and their order and conclude that }(
p�2z) has order

4.

3.2 Express }(
p�2z) as a rational function in }(z) using the half-lattice values

e1, e2, e3 as coefficients.
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Q4 We consider the function

#(� ) := �
�
�

2

�
=
X
n2Z

e�in2� , � 2 H,

where �(� ) is the Jacobi theta series. Show that,

4.1 #(� ) + #(� + 1) = 2#(4� ).

4.2 i #2
�
1� 1

�

�
= � (#(�=4)� #(� ))2.

4.3 Define f (� ) := #4(� ) � #4(� + 1) + ��2#4(1 � 1
�
). Show that f (� + 1) = �f (� )

and f (�1=� ) = ��2f (� ). Conclude that f (� ) is the zero function.

4.4 Define the function g(� ) := #8(� )#8(�+1)#8(1� 1
�

)
�4 . Show that g(� ) = �∆(� ) for

some 0 6= � 2 C. Here ∆(� ) denotes the discriminant function.

Q5 Let f 2 Sk (Γ) and g 2 M`(Γ) be modular forms of weight k > 0 and ` > 0
respectively for the modular group Γ = SL2(Z). We write their q-expansions as
f (� ) =

P
1

n=1 anqn and g(� ) =
P
1

n=0 bnqn, and we assume an, bn 2 R for all n. We
set cn := anbn, and define D(s) :=

P
1

n=1 cnn�s with s 2 C.

5.1 Show that the series D(s) converges absolutely for Re(s) > k
2 +`. If we further

assume that g is also a cusp form, show that the series D(s) converges
absolutely for Re(s) > 1 + k+`

2 .

5.2 From now on and for the rest of this question we assume that both f and g
are cusp forms and that they are also normalised Hecke eigenforms. For a
prime number p, we define �p,�p 2 C as follows:

1�apX+pk�1X 2 = (1��pX )(1��pX ), and 1�bpX+p`�1X 2 = (1��pX )(1��pX ).

Here you can assume that japj � 2p
k�1

2 , and jbpj � 2p
`�1

2 for all p. Show that
for all primes p, and n 2 N we have,

apn =
nX

m=0
�m

p �p
n�m.

5.3 With notation as above, show the formal power series identity:

1X
n=0

cpnX n =
1� pk+`�2X 2

(1� �p�pX )(1� �p�pX )(1� �p�pX )(1� �p�pX )
.

5.4 Show that D(2 + k+`
2 ) 6= 0.
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